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Abstract 

Unlike geometrical features, such as shape or volume, the topological properties of an object do not change 

continuously, but only due to abrupt transitions associated with a change in the integer quantities that 

describe these properties - known as topological invariants. In turn, this resilience of topological features is 

associated with intrinsic robustness. For example, the topological invariant known as the Chern number, 

associated with the quantization of the Hall conductance in a two-dimensional electron gas, supports 

disorder-immune electron transport at the surface of topological insulators (TIs). One of the most significant 

breakthroughs in physics of the last decade has been the discovery that materials with non-trivial topological 

properties for electronic, electromagnetic, acoustic and mechanical responses can be designed and 

manufactured at our will through engineered metamaterials (MMs). Here, we review the foundation and 

the state-of-the-art advances of topological photonics, acoustics and mechanical MMs. We discuss how 

topological MMs enable nontrivial wave phenomena in physics, engineering, of great interest for a broad 

range of interdisciplinary science disciplines such as classical and quantum chemistry. We first introduce 

the foundations of topological materials and the main concepts behind their peculiar features, including the 

concepts of topological charge and geometric phase. We then discuss the topology of electronic band 

structures in natural topological materials, like topological insulators and gapless Dirac and Weyl 

semimetals. Based on these concepts, we review the concept, design and response of topologically 

nontrivial MMs in photonics and phononics, including topological phases in 2D MMs with and without 

time-reversal symmetry, Floquet TIs based on spatial and temporal modulation, topological phases in 3D 

MMs, higher-order topological phases in MMs, non-Hermitian and nonlinear topological MMs and the 

topological features of scattering anomalies. We also discuss the topological properties emerging in other 

mailto:akrasnok@fiu.edu
mailto:aalu@gc.cuny.edu


2 

related contexts, such as the topological aspects of chemical reactions and polaritons. This survey aims at 

connecting the recent advances in a broad range of scientific areas associated with topological concepts, 

and highlights opportunities offered by topological MMs for the chemistry community at large. 
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1. Introduction 

One of the central concepts in modern physics has been the understanding that the geometry and features 

of the background in which physical processes unfold is as important as the properties of the system itself. 

Relativity is a clear example of this important statement, since in this context real space geometry and 

topology play a decisive role, inseparable from the physical system itself. In general relativity, the geometry 

of spacetime manifests itself in the fact that a body moves along curved geodesic lines following its 

curvature, as if some forces were acting on this body. In a different context, Y. Aharonov and D. Bohm 

demonstrated1 that the knowledge of the local electromagnetic field may be insufficient to predict the time 

evolution of a particle wavefunction in the quantum mechanics of systems with nontrivial topology. 

Unusual topological properties were since then discovered in a wide range of optical and electromagnetic 

phenomena. Since electromagnetism and quantum mechanics govern complex substances, it is not 

surprising that topological concepts have also made their way into solid-state physics, complex atomic 

systems, mechanics, acoustics, and quantum chemistry2–6. Topologically nontrivial systems are usually 

quantified with an invariant – an integer-valued quantity, like the Chern number2, which does not change 

upon continuous deformations that preserve the topological nature7,8. Topological phases of matter are 

associated with exciting features of wave propagation, holding the promise for revolutionary technologies 

from quantum electronics2,9–14 to photonics15,16,25–34,17,35,36,18–24, mechanics and acoustics4,37,46,47,38–45, and 

quantum computing48–56. 

One seminal nontrivial topological property in condensed matter physics is the robust wave 

propagation features at the edge of a topologically nontrivial material–topological insulator (TI). Like 

electronic topological insulators (ETIs), topological photonic/phononic states are distinguished by 

directional and robust propagation along the interface between two topologically different regions8,24,26,49. 

This robustness has been demonstrated in various electromagnetic systems, ranging from microwaves17,31 

to optics,23,25 but also in acoustic38,57 and mechanical lattices58,59. In turn, this feature holds great promise to 

revolutionize many applications, including slow-light optical buffers19 and laser technologies33–35,60–65. 

Topological phenomena also find applications in quantum optics, since integrating quantum emitters into 

topological photonic structures can lead to stable strong interaction66 and hybrid light-matter states67. 

In developing topologically nontrivial materials, the concept of metamaterials (MMs) and 

metasurfaces (MSs) has become essential. MMs, artificial engineered materials composed of 

subwavelength resonators (meta-atoms), enable electromagnetic properties such as a negative index of 

refraction, etc., which are not found in nature68. Metasurfaces, the two-dimensional (2D) analog of MMs, 

are artificial structures tailored to achieve a certain functionality like control over wave propagation, 

reflection, and refraction69,70,79–83,71–78. The concepts of MMs84, MSs75 and photonic/phononic crystals85 

have brought forward a previously unattainable level of control of visible, infrared, and microwave 
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electromagnetic waves and acoustic and mechanical waves at macroscopic and nanoscopic scales. Here, 

we do not distinguish between photonic/phononic crystals and MMs, because generally they fulfill a similar 

purpose: engineering artificial materials for extreme wave manipulation. Recently, the pursuit of wave 

control in these artificial media has been expanded with tools borrowed from the field of topology26, 

enabling exotic phenomena such as unidirectional transport, robustness to imperfections due to fabrication, 

and immunity to back-scattering from sharp corners17,22,23. Although topological aspects of 

photonic/phononic systems have mostly been driven through the condensed matter physics perspective, 

recently there has been an expansion of topological photonics/phononics beyond these boundaries, 

leveraging the distinct features of photons and other classical waves4,8,44. Furthermore, the design of 

artificial media has considerably taken advantage of the fast development of modern additive manufacturing 

techniques, allowing a straightforward implementation of abstract topological concepts into actual 

samples86,87. The progress made in the past decades in the nano and micro fabrication domain also permits 

envisioning on-chip topological systems with promising applications in communication, computing and 

sensing. 

In this work, we discuss how the concepts of topologically nontrivial interactions at the level of 

atoms or meta-atoms enable nontrivial phenomena in physics, engineering and interdisciplinary science 

such as quantum chemistry. First, we discuss the basics of topological materials and the main concepts 

behind their peculiar features, including topological charge and geometric phase. We then discuss the 

topology of electronic band structures in natural topological materials, like TIs and gapless Dirac and Weyl 

semimetals. We follow by reviewing the topologically nontrivial MMs in photonics and phononics: we start 

with topological phases in one-dimensional (1D) structures and then consider the topological MMs with 

broken time-reversal symmetry (TRS) and time-reversible topological MMs in 2D. We then discuss Floquet 

TIs based on spatial and temporal modulation. Next, we review Dirac, Weyl and gapped topological MMs 

in three dimensions (3D). We also summarize the recent progress on the MM realization of higher-order 

topological semimetals and higher-order topological insulators (HOTIs). Last, we briefly discuss the 

research efforts on hybridized topics of topological phenomena implemented in MMs, like non-Hermitian 

physics in topological MMs, synthetic TIs, and nonlinearity-induced topological phases. We show that the 

considered topological properties are ubiquitous in wave phenomena, and we supplement our presentation 

with a description of topological photonic, acoustic and mechanical MMs.  

There are already several reviews on topological photonics8,24,26,88–93. The comprehensive work in 

Ref.8 reviews the progress in topological photonics in a broad aspect. Other works focus on specific topics, 

such as 2D topological photonics24,91, topological nanophotonics89, active topological photonics94, nonlinear 

topological photonics95, topological photonics using synthetic dimensions90,96, topological valley 

photonics97 and higher order topology98. Many reviews also exist in the context of topological phononics4,44–
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47. In contrast to other works, our review aims at highlighting the role of geometric (Berry) phase concepts 

in various systems, in the topological properties of scattering anomalies, and of polarization charges in the 

bounded states and exceptional points (EPs). It also includes a discussion of topological properties of other 

nature, e.g., topological aspects of chemical reactions, particularly relevant to the broad readership of this 

journal. Our review hence focuses on a broad range of topics associated with topological MMs implemented 

in classical systems, such as photonics, acoustics and elastics, chemistry, and other topological systems for 

interdisciplinary science. 

2. Topological concepts: from geometric phase to topological band theory 

2.1. The ubiquity of topology, topological charge and geometric phase 

Examples of the topological properties of space and of objects have been known for a long time. A textbook 

example is the so-called Euler characteristic  , defined for an object of any shape as 

Faces+Cornes-Edges =  (Euler's polyhedron formula). The Euler characteristic of a sphere equals 2, Fig. 

1(a). Remarkably, if one deforms a sphere into any other shape with no cuts or holes, the Euler characteristic 

remains unchanged, Fig. 1(b). In contrast to the sphere, a torus has one hole, and its Euler characteristic is 

0, regardless of continuous deformations. The Euler characteristic is an example of topological charge or 

topological invariant, a parameter that does not change under continuous deformations, such as stretching, 

twisting and bending. Discontinuous deformations that involve cutting, tearing or attachments do change 

topological charges. Any two objects are topologically equivalent if they can be transformed into each other 

by continuous deformations. The stability of topological charges to continuous deformations determines 

the topological protection of such systems: in order to change the topological charge, it is necessary to 

produce discontinuous deformations.  

Other common topologically nontrivial objects in real space are vortices, which can occur in field 

distributions, media or particles. For example, fields with orbital angular momentum carry a topological 

charge that may enhance wireless communication concepts, Fig. 1(c) 100,101. Topological charges hold great 

promise for many other applications, including boosting light trapping, lasing, light-matter interaction 

enhancement, nonlinear optics, wave-front control and polarization conversion. In some instances, 

topological charges and their robustness may be undesirable or even harmful. We bring an example from 

medicine: today's most common cause of human death is cardiac arrhythmia, accompanied by the 

appearance of an electrochemical topological charge (vortex) in the heart102, Fig. 1(d). Electric 

defibrillation can destroy this topological charge by dramatically altering the electrochemical potentials and 

save the patient's life102. Tornados and whirlpools are also systems with a topological charge, whose 

stability can be a cause of great concern, Fig. 1(e). 
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Figure 1. The ubiquity of topology and topological charges. (a) Euler characteristic of a sphere and a 

torus. (b) Continuous deformations leave the Euler characteristic unchanged. (c) Beams with angular 

momentum carry a topological charge observable as a phase vortex. (d) 3D waves of the electrical and 

mechanical activity responsible for many sudden cardiac death cases have nontrivial topology (vortexes). 

Reproduced with permission from99. Copyright 2018 Springer Nature. (e) Whirlpools and tornados are other 

examples of topological charges. (f) Like electric charges, topological charges can change when they 

compensate each other. 

Like electric charges, topological charges can change when they interact with each other. For 

example, consider a system of two bodies with some electric charges. Changing the shape of the bodies 

will certainly not lead to a change of charge. However, charges brought into contact can compensate each 

other, leading the bodies to acquire the same charge, Fig. 1(f). As we will see below, topological charges 

behave similarly, which is the essence of typological engineering of band diagrams in periodic structures. 

The impact of topology on quantum physics has emerged thanks to the introduction of the concept 

of Berry phase, also known as geometrical phase103 (GP). This tool has made it possible to rethink many 

classical and quantum phenomena in terms of topology. GP can be obtained by integrating or measuring 

the system response on closed paths in real or reciprocal space. Shortly after its introduction, Simon pointed 

out a corresponding concept in modern geometry – holonomy, i.e., the rotation of a tangent vector during 

its parallel translation along a closed curve on a curved surface, for example a sphere104. Even though the 

vector never rotates around its radius vector, it acquires a certain rotation after the closed-looped parallel 

transport, Fig. 2(a). In other words, GP is an example of a failure of parallel transport around closed cycles, 

the final state not being parallel to the initial one. GP is not attributed to any force applied to the system but 

to the curvature of space itself. 
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Figure 2. Geometric phase (GP). (a) GP is associated with the rotation of a tangent vector during its 

parallel translation along a closed curve on a curved surface (anholonomy). (b) Normal surface (k-surface) 

construction for indices of refraction n1 and n2. The insert shows how the liner polarization changes by 180o 

( ) when it turns around the conical intersection (Dirac or Hamilton cone). (c) Slow change in polarization 

of light propagating through an anisotropic medium. (d) 'Spin redirection' when light with a fixed 

polarization state changes direction. (e) Falling cat succeeds in landing on its feet even when starting in an 

upside-down position (cat anholonomy). (f) Foucault pendulum: Orientation of the plane of oscillation 

slowly rotates during the day, not returning to its original orientation.  

The first observation of GP in optics was associated with revealing the diabolic point at the conical 

intersection of refractive index surfaces in biaxial crystals (Hamilton cone) in 1830 by Sir Hamilton105. In 

1831, Lloyd showed that the linear polarization changes by 180o ( ) when it turns around this conical 

intersection, Fig. 2(b). Other optical effects of GP are associated with a slow change of the light polarization 

upon propagating through a twisted medium (Fig. 2(c)), giving rise to the Pancharatnam-Berry phase106 

and spin redirection when light changes polarization after several reflections, Fig. 2(d). In this latter 

example, while the light beam has completed its trajectory and returned to its starting point, the polarization 

vector acquires a 90° rotation compared to its original direction. This rotation is due to a global change in 

the beam trajectory. The value of the GP depends on the path taken, which is associated with topological 

features. GP gave rise to other early studies concerning conical refraction107,108, works discussing parallel 

polarization transport along curved rays109–111, and a study addressing wave propagation in stratified 

inhomogeneous media112. This phenomenon is also valid for phononic waves. For instance, the transverse 

mechanical vibrations along a helicoidal spring can be represented as orthogonal circular polarizations113, 

similar to sound waves with vortices carrying orbital angular momentum114. 
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Due to its fundamental and comprehensive applications115–122, GP has also been explored in other 

areas of physics123,124. A curious example of GP effects in mechanics is the falling cat problem, Fig. 2(e). 

Here angular momentum conservation should prevent a cat from changing orientation when falling, but 

nevertheless the cat lands on its feet, even if it begins its fall upside down. It turns out that the cat can re-

orient itself without any particular problem, which has been identified as a geometric effect: the deformation 

of the shape of a body has immediate consequences on its orientation125. Another example is the 

phenomenon described by Foucault about the orientation of the pendulum's oscillation plane: an observer 

on Earth witnesses that the orientation of the pendulum slowly rotates during the day and, in general, does 

not return to its original orientation126, Fig. 2(f). GP is also shown to underline the dynamics of a broad 

spectrum of quantum systems127–129. Associated concepts known in the literature are the Hannay angle in 

classical mechanics130, the Aharonov-Anandan phase in quantum mechanics131, and the Zak phase in 

condensed matter physics132. As we discuss in the following, GP is known to lead to observable and often 

unexpected phenomena in chemical reactions, e.g., in the context of molecular electronic 

degeneracies133,134. GP has also influenced high-energy and particle physics135,136, gravity and cosmology137–

139, fluid mechanics140,141, chemical physics142–146, and many other active research areas. The impact of GP 

in non-Hermitian and open systems has also been discussed147,148,157–159,149–156. Several reviews on GPs are 

available118, including historical reconstructions124, applications to molecular physics143, and a recent 

overview of its impact on condensed matter160 and optics161.  

2.2. Geometric phase in quantum mechanics and gauge fields 

The physics of topologically nontrivial materials and systems is rooted in the concept of gauge fields. As 

shown in the pioneering works of Pancharatnam106, Aharonov-Bohm1, Wu-Yang162, Mead-Truhlar134, and 

Berry103, there is a deep connection between gauge fields and geometry. Although the gauge potentials were 

initially introduced in classical electrodynamics, their essence and importance was fully unveiled in 

quantum mechanics and quantum field theory1,162. A study of the physical consequences of gauge fields, as 

evidenced for the first time by the fundamental Aharonov-Bohm effect1, led to remarkable theoretical and 

conceptual progress, culminating in the modern formulation of gauge theories1,104,163. Although gauge 

potentials naturally arise from “real” electromagnetic fields, a large family of gauge fields can also be found 

in parametric and reciprocal dimensions. The generation of artificial gauge fields has recently been 

investigated in a great variety of physical platforms164, such as ultra-cold atomic gases165,166, photonic 

crystals8,24,26,167, graphene and graphene-like materials168,169, mechanical systems4, acoustics170–175 and 

exciton-polariton systems176–180. 

Gauge fields are described by a Hamiltonian ( )H −p A , where ( , , )t =A A r  is the gauge 

potential, related to the so-called Berry connection. It is a function of the position operator r , time t , and 
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a spin (or pseudospin) degree of freedom  . For example, in the case of an electric charge in an external 

magnetic field, the Hamiltonian reads 2
( ) [ ( )] / 2H q M= −r p A r , with ( )A r  being the vector potential, 

( ) ( )=B r A r 181, and q  and M  denoting the particle's charge and mass. Another type of model 

Hamiltonian, which plays an important role in condensed matter physics, is the Hamiltonian describing the 

motion of a spin 1/2 particle subject to spin-orbit coupling13,182,183, 2

SOC
( ) / 2H M= −p A . Here the Berry 

connection 
SOC

A  is a vector SOC
( , , )

x x y y z z
     =A , with , ,x y z

  being the Pauli matrices. The gauge 

potential plays a central role in the topological properties of the QHEs2,13,184, spintronics182, the anomalous 

Hall effect183, TIs, and superconductors13. Systems with explicit time dependence ( )t=A A  play an 

essential role in Floquet engineering, e.g., Floquet TIs23,185–188. 

 It is instructive to start the discussion of GP, Berry curvature and Berry connection with a recap of 

vector potentials in electromagnetic theory. To introduce the vector potential ( , )tA r , we consider the 

Maxwell’s divergence equation ( , ) 0t =B r  in the form ( , ) ( , )t t=B r A r . Substituting this equation 

in ( , ) ( , ) /t t t = − E r B r  yields ( , ) ( , ) / ( , )t t t t= −  −E r A r r  for the electric field through the 

vector ( , )tA r  and scalar ( , )t r  potentials. The potentials are not unique and are defined up to 

( , )f t = +A A r  and ( , ) /f t t  = −  r , where ( , )f tr  is an arbitrary function of time and space. This is 

known as gauge freedom164,189–191. A choice of ( , )f tr  selects a particular gauge. 

 

Figure 3. Aharonov-Bohm effect and parametric space. (a) Illustration of the Aharonov-Bohm effect. 

The interference fringes do not depend on the shape of the possible paths 1 and 2 in general, but only on 

their topological invariants, provided that the particle moves in a field-free region. (b) Example of the 

configuration space of parameters { }R  and a trajectory in this space.  

We define the magnetic field flux 
B

  through an arbitrary surface, and represent it using Stokes' 

theorem 
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B

S S L

d d d =  =   =   B S A S A l .     (1) 

The magnetic flux through the arbitrary surface area S  is equal to the circulation of ( , )tA r  over the closed 

path along the border of this area. 

Let us apply this result to the geometry illustrated in Fig. 3(a). Here, a long coil of radius 
c

R assures 

that the inner magnetic field B is homogeneous, and the outer field in the vicinity of the coil vanishes. The 

magnetic field lines close at infinity for the hypothetical infinitely long coil. For this case, Eq. (1) gives 

2
( ) / (2 )

c
A r BR r=  for the amplitude of vector potential. Thus, although the outer field vanishes, the vector 

potential has a finite value. This result is not affected by the gauge transformation since ( , ) 0
L

f t d  = r l  

for any closed path. Consequently, a particle with a charge q  capable of flying around the coil by either 

part 1 or path 2 from a source to a screen acquires the wave function 

screen

path1(2) 0path1(2)

sotce

sorce|screen exp
iq

d
c

 
=

 
 =  

 
A

A l , where 
0


=A

 is the solution to Schrodinger's 

equation for the system with 0=A . The interference of both possible paths gives interference fringes on 

the screen 
2

sorce|screen cos
B

q

c

 
 

 
. When two electronic wavepackets encircle a solenoid so that 

the magnetic field is zero along their paths, they will acquire a relative phase -  the Aharonov–Bohm phase 

- due to the nonzero vector potential. This phase can be written as an integral over a closed path around the 

coil 

L

q d =  A l .      (2) 

It is important that this result holds over a regione in which 0 =A , because it makes the integral path 

in Eq. (2) independent of the specific choice of path shape. The Aharonov-Bohm phase is topological 

because it does not depend on the shape or geometric properties of the trajectory. The magnetic Aharonov-

Bohm effect reveals the nonlocal aspect of quantum mechanics, allowing electromagnetic fields to 

influence charge even in areas from which they are excluded1,162,192–195. The effect was demonstrated in 

superconducting films with the completely excluded magnetic field from the electron’s path due to the 

Meissner effect196. The Aharonov-Bohm effect has been demonstrated in many systems, including iron 

whiskers197, ion traps198, metallic rings199, quantum dots200, carbon nanotubes201, electronic 

interferometers202, optical lattices203,204, TIs205–207, and even a whirlpool in a water tank208. The dual 

Aharonov-Casher effect was also discovered, predicting that the dipole moments diffracted around charged 

tubes will acquire a similar phase209–212. Nevertheless, discussions about the fundamental aspects of the 

Aharonov-Bohm effect continue213–218.  
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This concept can be generalized to other systems described by a Hamiltonian ( )H t  with parameters 

adiabatically depending on time. In the example above, this adiabaticity was implied, assuring that the 

charge cycling around the coil does not radiate and stays in the same quantum state. The adiabatic 

theorem104,219 implies that a system remains in the stationary (e.g., ground) state ( )
n

t  if the interaction 

is slow enough. In this case, such a state reads ( ) exp[ ( )]exp[ ( )] ( )
n n n

t i t i t t    , with the standard 

dynamic phase 
0

1
( ) ( )

t

n n
t E t dt  = −  , where ( )

n
E t  is the energy eigenvalue, and the generalized geometric 

(Berry) phase 
0

( ) ( )

t

n n
t t dt   =  , where ( ) ( ) ( )

n n t n
t i t t  =  . When the parameters of the Hamiltonian 

complete a cycle, the final state can return to its original value or acquire an additional phase factor. In the 

latter case, we say that the path encircles a topological charge.  

To show that this GP does not depend on time but on the system's evolution in the parametric 

configuration space, we assume that the Hamiltonian depends on a number of slowly varying parameters 

 ( )tR : ( ( ))H tR . In this case, according to the adiabatic theorem, the stationary Schrodinger equation 

reads ( ( )) ( ( )) ( ( )) ( ( ))
n n n

H t t E t t =R R R R . For example, Fig. 3(b) shows an example of a 

configuration space of three parameters where the path   represents the system's evolution in the 

configuration space. Since ( ( )) ( ( )) ( ( ))
t n n n

d d
t t t

dt dt
    = 

R

R
R R R , the quantity ( )

n
t  can be 

rewritten as ( ) ( ) ( )
n n n

d
t i t t

dt
  =  

R

R
, so that the GP can be represented in the time-independent 

form122,143. For a closed trajectory, it yields 

( ) ( ) ( )
n n n

i d  


 =   R
R R R .     (3) 

Here, the quantity  

( ) ( ) ( )
n n n

i  = 
R

A R R R       (4) 

is called Berry connection103,122,220. It is a vector in a generalized parametric space with the number of 

components equal to the space dimension. Different states ( )
n

 R  have different Berry connections. For 

the considered case of the magnetic Aharonov-Bohm effect, the Berry connection corresponds to the vector 

potential ( A ), and the parameter space is simply the coordinate space so that Eq. (3) turns into Eq. (2). 

Thus, unlike the time-dependent dynamic phase, the GP is time-independent and arises as a consequence 

of topological properties of the parametric space.  
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In electromagnetics, the vector potential obeys the gauge transformation invariance. The Berry 

connection has a similar property: the eigenstates of the system are defined up to a phase factor, 

( )
( ) ( )

i

n n
e

 − =
R

R R , i.e., the quantum system possesses gauge U(1) degree of freedom. In this state, 

the Berry connection reads ( ) ( ) ( )
n n

 = +
R

A R A R R . Thus, under the gauge transformation, the Berry 

connection is defined up to ( )
R

R . The integral of this gradient over a closed path turns to zero, making 

the GP in Eq. (3) invariant. 

 This analogy between the Berry phase and magnetic field can be continued by applying the Stokes 

theorem to the Berry phase Eq. (3) for a closed path, 

( ) ( )
n n n

S

d d


=  =     R
A R R A R S ,     (5) 

analogous to Eq. (1). The GP phase in Eq. (5) generalizes the Aharonov-Bohm phase1. The curl of the 

Berry connection is Berry curvature 

( ) ( )
n n

= 
R

Ω R A R .      (6) 

In the 3D case, Berry curvature is a (pseudo)vector. In an important 2D case, the Berry curvature has only 

one component: 

( )( ) ( ) ( ) ( ) ( )
x y y xn R n R n R n R n

i     =   −  R R R R R .   (7) 

As apparent from Eq. (5), the Berry curvature is also gauge-invariant and plays the role of a fictitious 

"magnetic field" in parameter space9. The Berry curvature 
n

Ω  is a pseudovector that is odd under temporal 

(T-) symmetry but even under parity (P-) symmetry operation. In the presence of both P and T symmetry, 

the Berry curvature must vanish 0
n
=Ω .  

According to Eq. (5), one can write the GP as an integral over the manifold of the Berry curvature. 

If the manifold is closed, the result is topological and quantized by 2 C , where C  is the Chern 

number2,8,13. In the 3D case, the topological invariant becomes a triad of Chern numbers, , where 

 is the Chern number of the 2D momentum plane normal to the i-axis. The generalization of the Chern 

number to four dimensions is also possible163,221. 

2.3. Geometric phase in optics and acoustics 

The first GP effects in optics were discovered in biaxial crystals, Fig. 2(b). In 1956, S. Pancharatnam 

noticed that a GP separate from the dynamical phase arises when the polarization of a light beam cyclically 

changes106. After discovering Pancharatnam's work222,223, the equivalence between Berry's GP and the phase 

introduced by Pancharatnam has been revealed, and hereafter this phase bears both names: Pancharatnam-

Berry phase (PBP)161.  

 , ,
x y z

C C C

i
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To recognize GP in optical systems, one uses the Poincaré or Bloch unit sphere representation to 

visualize the pure polarization states: linear polarization states are located along the equator, the circular 

polarisations are on the poles, and other elliptical polarization states are located elsewhere on the sphere, 

Fig. 4(a). If one starts from the pole of the polarisation Poincaré sphere and goes to the equator, then along 

the equator, and finally returns to the pole, the polarisation state acquires a GP of / 2 =  , where   is 

the solid angle of the spherical triangle (spherical excess) enclosed by the successive polarisation state 

points (Pancharatnam's theorem)106. 

Birefringent materials are important instances in which we observe polarization GPs224–226. One 

example is a half-wave plate (HWP). In the case of an impinging circularly polarized beam, the HWP has 

the effect of flipping the handedness of the circular polarization state from the left- to the right-circular 

polarization and vice versa. Although the flip of handedness is independent of the orientation of the HWP, 

the outgoing beam acquires an additional phase of 2 , where   is the angle of rotation of the HWP. This 

extra phase factor is exactly the GP observed by Pancharatnam when the polarization state evolves from 

one circular state to another. The PBP has also been observed in a Mach-Zehnder227 and Michelson228 

interferometers. 

 

Figure 4. Berry phase in optics. (a) Poincaré sphere. When polarization moves along the closed path, the 

accumulated GP equals half the corresponding solid angle   subtending the associated area. (b) Photonic 

spin-Hall effect. (c) Polaritonic spin-Hall effect. 

In 1997, Bhandari noticed the possibility of changing the local phase of an electromagnetic wave 

using a twisted uniaxial material, an anisotropic medium whose main axes rotate in a plane perpendicular 

to the wave vector of the beam225. This may result in a so-called spin-orbit interaction where the direction 

of light is locked by its polarization. In other words, the GP, dependent on the beam polarization, drives 

light propagation. Similar to solids, where the spin-orbit coupling links the spin of a charge carrier with its 

propagation, the rotation of the electric field or polarization blocks the direction of light propagation, 
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causing the photonic spin-Hall effect. This effect exists for freely propagating waves229,230 (Fig. 4(b)), and 

localized surface waves (polaritons)231–235 (polaritonic spin-Hall effect or quantum spin-Hall effect of 

light236), Fig. 4(c). In the case of free-space modes, this effect enables various polarisation selective devices, 

including polarization-dependent focusing lenses and deflectors161,225,237–240. 

A light beam, as well as light quanta (photons), carry not only spin angular momentum (SAM)236 

but also orbital angular momentum (OAM)241. SAM is tightly related to light polarization, and hence the 

systems discussed above possessing GP in the polarization dimension enable topological manipulation of 

SAM states. The OAM light states have been widely studied recently due to their ability to carry a 

topological vortex charge defined by a phase term around azimuthal coordinate ( ) of exp( )il , where l  

is an integer number denoting the OAM value242–246. OAM-carrying beams are generated experimentally 

using refractive elements, spiral phase plates247, and pitch-fork holograms248. In 2006, a device called the 

q-plate was introduced and demonstrated to generate OAM in the visible domain using a patterned liquid 

crystal cell249. Q-plates are spatially-variable retardation plates whose optical axis rotates with the azimuthal 

angle. They consist of a birefringent medium with tunable optical retardation, typically set to half a 

wavelength, and act as polarization converters. The generation of OAM-carrying beams using the q-plate 

has also been recognized as a spin-orbit coupling in an inhomogeneous medium243,249–251. The momentum 

manipulation in these devices occurs with the conservation of the total angular momentum.  

The generation of exotic polarization structures, e.g., vector vortex beams252–254, Poincaré beams255, 

and 3D polarization structures256, has been reported utilizing the optical GP. MSs with a birefringence 

resulting from plasmonic resonances have been experimentally demonstrated to generate OAM at the 

integrated level using devices with thicknesses that can be as small as 1/30 of a wavelength240,257,258. Finally, 

the Sagnac effect259 and Sagnac interferometry are other manifestations of the GP in atom260,261 and 

optical262–264 interferometers. 

Acoustic and mechanical systems are other versatile platforms for studying GP and a wide range 

of topological effects. Remarkably, even if acoustic pressure is inherently scalar, it is possible to induce 

extra DoF to their propagation, such as OAM, through GP-based MMs265–269 to implement enhanced 

communication schemes. Such vortices can also be used in particle manipulation270–272. Moreover, the 

vector related to the particle velocity in the acoustic field also provides an intrinsic “acoustic spin”273,274 

whose features are related to torques275,276, skyrmions277 and spin Hall effect of acoustic surface waves278–

281. Such features extend to mechanical282–284 and water waves285,286.  

2.4. Geometric phase in chemistry 

In chemistry, the impact of Berry phase and Berry connection is associated mainly with so-called conical 

intersections (CIs) of energy states. These CIs are analogs of Hamilton cone intersections in the optics of 
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birefringent crystals discussed above. Chemical CIs are important in various chemical and biological 

systems145,287,296–298,288–295, ranging from elementary reactions involving three to five atoms295,298 to 

biomolecules such as DNA297 and proteins296. The Born-Oppenheimer approximation, i.e., the separability 

of electronic and nuclear motions, is often used to calculate the states of molecular systems and their 

reactions. Near a CI, two electronic states touch so that the Born-Oppenheimer approximation breaks down. 

A system with a CI can convert rapidly between electronic states by passing through the intersection. Such 

rapid transitions are exploited in many light-harvesting and charge-transfer processes. Another consequence 

of the Born-Oppenheimer breakdown is GP, which occurs even if the system is confined to the lower 

electronic surface and avoids the neighborhood of the CI134,143,299,300.  

The GP appears in both nuclear ( , )
n

t R  and electronic ( )
n


R

r  wave functions within the 

adiabatic representation of the total electron-nuclear wave function ( , , ) ( ) ( , )
n n

n

t t =  R
r R r R . Here, 

R  and r  are radius-vectors of the nuclear and electron, respectively. The GP manifests itself in the sign 

change (  phase shift) acquired by the electronic wave function ( )
n


R

r , when the nuclei complete an odd 

number of loops around the CI. The GP produces a corresponding sign change in the nuclear wave function 

( , )
n

t R  in order to make the total wave function ( , , )t r R  single-valued (i.e., gauge-invariant).  

 

Figure 5. Berry phase in chemistry. Low energy (a) and excited state (b) nuclear dynamics near CI. In 

the case of ground-state dynamics (a), the GP leads to destructive interference between paths surrounding 

the conical intersection. The excited-state dynamics (b) can enhance the rate of nonradiative transitions and 

the amount of excited-to-ground state population transfer. Reproduced with permission from310. Copyright 

2015 American Chemical Society. 

The effect of the GP on chemical reactions is now well understood143,301–308: including the effect of 

GP is equivalent to the role of the vector potential A  (Berry connection) in the nuclear 

Hamiltonian134,143,166,309 
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with effective interaction potential energy 
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In this Hamiltonian, the Berry connection 
*

( ) ( ) ( )i d
 =    R R R

A R r r r  explicitly appears as a gauge 

potential. Here 



R  is the spatial derivative with respect to the coordinates of nuclei. The lowest order 

approximation (Born-Oppenheimer) ignores the Berry phase and Berry connection: 

2

2
( ) ( )

2
eff NN e

H V E
M 

 

= −  + + R
R R , where M

 is the nuclear mass, 
NN

V  is the potential energy of 

nuclei interaction, and 
e

E  is the energy of the electronic subsystem. 

Dynamical features associated with the GP are very different for low energy dynamics (Fig. 5(a)) 

and excited-state dynamics (Fig. 5(b)). The primary manifestation of GP effects in low-energy nuclear 

dynamics is destructive interference between two paths around the CI seam (Fig. 5(a)). In contrast, in the 

excited state dynamics (Fig. 5(b)), it is the enhancement of population transfer for a fully cylindrical 

component of a nuclear wave packet and compensation of a repulsive diagonal Born-Oppenheimer 

correction310. In excited state dynamics, it can enhance the rate of nonradiative transitions and the amount 

of excited to ground state population transfer several times.  

The GP effect in chemistry was crucial for modeling the vibrational spectra of Jahn-Teller distorted 

compounds311,312 and cross-sections in low-energy atom-molecule reactive scattering302,303,313–315. 

Neglecting the proper GP effect during nonadiabatic dynamics can produce erroneous results316,317. 

2.5. Geometric phase in polaritonic systems 

Recently, the frontiers of this field have been extended to exciton-polariton systems176–180,235, resulting from 

the strong coupling of material excitations (e.g., excitons in solids and 2D materials) and photons. The 

importance of the exciton-polaritons lies in the possibility of having a high DoF in engineering the particles' 

Hamiltonian due to the photon energy dispersion in optical resonators318. Several strategies to realize 

topological systems with polaritons have been suggested319–321, including the use of artificial lattices with 

honeycomb geometries322,323, orbital edge modes324, quantum wells between two distributed Bragg 

reflectors (DBRs)178, topological photonic modes strongly coupling with excitons in 2D transition metal 

dichalcogenides (TMDs)325,326, and MSs327–329. The resonant photonic structures allow for new light-matter 

interactions, enabling tailoring of effective gauge fields applied to the quantum subsystems (e.g., excitons 

in various quantum materials) and tuning or adjusting the strength of the gauge field. This nontrivial light-

matter coupling enables emulation of various effects hardly achievable otherwise. For example, effective 

gauge fields have allowed the emulation of matter under strong magnetic fields leading to the realization 

of the Harper-Hofstadter and Haldane models, the effects otherwise demanding for unfeasibly strong 
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magnetic fields178. In other words, neutral excitons can behave as charged particles in strong magnetic fields 

being subject to artificial gauge potentials. The stability of nontrivial topological interactions could also be 

advantageous for advanced quantum optical materials. For instance, lattices in organic330 and perovskite 

materials331 with intrinsic robustness of the excitons in these materials have been recently realized. 

2.6. Geometric phase in lattices 

The previous discussion captures the effects of an external gauge field  on a particle that moves in the 

continuum, where the coupling is described by the substitution . However, this 

substitution also appears in lattice systems, which implies that the Berry curvature plays a crucial role in 

solid-state physics. Eq. (5) indicates how synthetic magnetic fields can be designed in quantum systems by 

developing nontrivial Berry curvatures in parameter space. These ideas date back to Thouless and his 

collaborators, who explained the underlying origin of the quantization of Hall conductance of the 2D 

electron gas (such phenomenon is referred to as integer QHE184,332) and explicitly expressed Hall 

conductance in terms of Chern number or Thouless-Kohmoto-Nightingale-den Nijs (TKNN) integer of the 

U(1) bundle over the magnetic Brillouin zone333,334. Haldane122,220 also pointed out the consequence of Berry 

curvature on the Fermi surface for Fermi-liquid transport properties, reinterpreting the Karplus-Luttinger 

anomalous velocity335.  

The topological phenomena in lattices play a vital role in solid-state physics2,13,122,182,336,337, cold 

atoms50,338, photonics26,339,340 and acoustics57, where the synthetic gauge fields can be tailored by the 

symmetry breaking perturbations on the lattice system. Bloch’s theorem dictates that the eigenstates of a 

periodic Hamiltonian are given by , where  is the energy band index,  is the 

electronic momentum, and  is a periodic function with the periodicity of the underlying Bravais 

lattice vector. The general model Eqs. (3)-(7) can be used in this case after substituting the parameter  

by the electronic momentum . If an electron adiabatically traverses a closed path in the reciprocal 

momentum parameter space from  to , it obtains the state 

.    (9) 

Here  is the ordinary dynamical phase, with  being the energy eigenvalue. 

The GP for a closed path is , with  being the Berry connection 

. The corresponding Berry curvature is 

. Thus, the GP characterizes the topological properties of the energy bands in solids. 
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The Berry curvature measures the local rotation of the electronic wave packet while it traverses the Brillouin 

zone. Using Stokes’ theorem, one can write the GP as an integral over the manifold of the Berry curvature. 

If the manifold is closed, the result is quantized by 2π multiples of the Chern number2,13.  

Just like in any parametric space, in k-space the Berry curvature acts as an effective magnetic field 

and it manifests itself through the anomalous transverse velocity, 122,341–346: 

,     (10) 

,     (11) 

where  and  are the external electric and magnetic fields,  is the velocity of the particles in the n-th 

band. This transverse transport was revealed in the QHE, where the plateau depicted by the Hall 

conductivity was attributed to the Chern number. 

Consider the motion of electrons in a 2D structure and assume no external magnetic field is applied, 

. The current density  can be expressed through the Berry curvature (omitting 

the trivial group velocity term in Eq. (10)): . Due to the vector product, this 

current density is defined by the electric conductance tensor , . Assume  is in-plane and has 

only one component . The field causes the perpendicular component of the electric current density, 

 with the transverse Hall conductance . Here  is the 

z  component of Berry curvature. The quantity  represents the integer Chern number. 

Thus the Hall conductance is an integral multiple of  (the von Klitzing constant, also called 

conductance quantum) and is a topological property of the system. This result is known as the quantum 

anomalous Hall effect9,169,353–355,183,335,347–352. The term anomalous here means that the Hall effect is achieved 

without an external magnetic field, but due to the breaking of T-symmetry of the material. For example, the 

seminal model of the anomalous Hall effect is realized in a honeycomb lattice that contains complex next 

nearest-neighbor hoppings while the overall magnetic flux of the lattice is zero9. 

This approach also describes other intriguingin phenomena in 2D systems, including, e.g., the 

valley-Hall effect (VHE) in 2D TMDCs with non-degenerate valleys K and K’ possessing Berry curvature 

of opposite sign329,356–362. Eqs. (10) and (11) show that in an in-plane electric field ( ), the single-layer 

TMDC with nonzero Berry curvature at the valley points acquires anomalous transverse velocity, forcing 

the K and K’ valley electrons to move in different directions359,363–365. This property gives rise to various 

intrinsic topological effects, including valley-selective photoexcitation329,357,359,364,366 and optical Stark 

effect367,368. 
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Finally, consider a model of a particle in a 2D space-periodic potential 

, , where  denote the lattice spacings and  and  are 

unit vectors along the x- and y-axis in the tight-binding approximation30,325,369,370. In this model, the 

Schrödinger equation  yields the state , with eigenstates  associated 

with the potential wells , and ( ) are integers. For a square lattice ( ), the 

coefficients  satisfy an effective Schrödinger equation , 

where  is the onsite energy and  describes hopping between neighboring sites. Using the translation 

operators , we rewrite the latter as , introducing the effective Hamiltonian, 

. The effects of a gauge field can be directly incorporated via the substitution 

 (Peierls)371, . Here the variable  is a 

coupling charge, and the quantities acting on each link  are link variables372. A simple example of this 

Peierls substitution can be found in the study of a charged particle moving in a 2D square lattice subjected 

to a uniform magnetic field perpendicular to the plane336,337. In the Landau gauge  and 

, where we introduced the magnetic flux  per cell, the effective Hamiltonian 

reads 

,     (12) 

where  is the normalized magnetic flux,  is the flux quantum in the units . 

This is the so-called Harper-Hofstadter Hamiltonian, whose spectrum displays a fractal structure known as 

the Hofstadter butterfly333,337. This model plays an important role in the physics of topological states of 

matter2,13 because it exhibits a wide family of quantum Hall states333 and offers a natural platform for 

realizing fractional Chern insulators373. While the Peierls phase factors  are gauge dependent, their 

product around a closed loop is gauge-invariant. In this model, the Peierls factors around a lattice unit cell 

 correspond to the Aharonov-Bohm phase1 acquired by a particle encircling a region penetrated by the 

flux . 

2.7. Topological electronic materials 

We now discuss the general scenarios enabling topologically nontrivial materials, with a focus on electronic 

systems. Fig. 6 exemplifies different types of such systems: as a first example, Hermitian (lossless) 2D 

electronic systems can be engineered to possess a conical intersection or a Dirac point, a conical singularity 

with linear dispersion in the Brillouin zone with touching conduction and valence bands. Such points have 

been discovered in the solid-state theory of periodic structures2,374. It was shown that the Hamiltonian 
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describing low-energy excitations near Dirac points in momentum space could be written as the Dirac 

Hamiltonian for massless Dirac fermions in 2D, , where  and  are group 

velocities and the Pauli matrices, respectively. Therefore, energy is distributed linearly with momentum at 

these Dirac points, , and spin and momentum are locked. The symmetries of the Dirac 

Hamiltonian reveal that the Dirac cones are protected by the simultaneous existence of P- and T-

symmetries. The Dirac cones appear in pairs375–380 and disappear when the symmetries are lifted. Every 

Dirac cone has a quantized Berry phase of  looped around it381,382. In solid-state physics, graphene, a 

single layer of carbon atoms arranged on a honeycomb lattice, is famous for hosting Dirac cones at the 

corners of its Brillouin zone374. In the cones’ vicinity, the electrons behave as relativistic Dirac fermions, 

allowing the observation of exotic relativistic phenomena like Zitterbewegung motion (trembling motion 

of electrons)383 and quantum Klein tunneling on a graphene device384.  

Dirac cones are not tolerant to operations that break P- or T-symmetry. For example, a magnetic 

bias breaks the T-symmetry of the system, opening up bandgaps. The opened bandgaps are topologically 

nontrivial because the bulk bands below the bandgap carry integer quantized Chern numbers9,16,385. 

According to the bulk-boundary correspondence7,386, such a system in a magnetic field possesses gapless 

and unidirectional edge states, Fig. 6(a), and no second edge state with an opposite group velocity appears 

in the bandgap, enabling a scattering-less topologically protected mode (Chern isolator). The direction of 

the magnetic field defines the direction of motion in these modes. The resulting edge states are stable to 

impurities and inhomogeneities of the surface since these states are determined by the band structure 

topology of a bulk crystal and not by the specific morphology of the surface2,13. 

The first effect of this kind is the integer QHE, whose observation goes back to 1980 when Klitzing, 

Dorda and Pepper observed that the Hall conductance of a 2D electron gas under a perpendicular magnetic 

field is quantized332. This effect corresponds to the quantum version of the conventional Hall 

effect2,10,332,333,387–391, in which an applied magnetic field deflects electrons in a metal plate by the Lorentz 

force, which induces a cyclotron motion of electrons in bulk, making it unable to conduct current. However, 

the electron cyclotron orbits are bounded off at the edge, yielding one-way propagation at the boundaries. 

The QHE can exist without magnetic bias due to other mechanisms, such as magnetization and spin-orbit 

coupling, that also break 𝒯, giving rise to anomalous QHE9,392. 

An example of 2D TIs is quantum wells of a specific width based on HgTe/CdHgTe387,393, 

InAs/GaSb394 compounds, some heterovalent structures such as InSb/CdTe395, as well as silicene and 

germanene. The electron spectrum of these materials contains two branches located in the bandgap of the 

bulk states describing the helical edge states. The edge states spectrum is linear in the vicinity of the branch 

intersection. These helical edge states are distinguished for their propagation direction locking to the spin 
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of the electron, named the spin-momentum locking effect. Because electrons are fermions, their spin is a 

half-integer, meaning that the associated time reversal operator squares meet the condition 𝒯 2 = −1. This 

ensures the double degeneracy of edge states, referred to as Kramer degeneracy, at the TRS points of the 

Brillouin zone, generating topologically protected edge transport which is robust against spin-𝑆𝑧 conserved 

impurities and sharp bends, in some cases they even survive in the interactions that mix spin-up and spin-

down electrons11. The most impressive experimental results in the physics of 2D TIs were obtained in 

structures with HgTe/CdHgTe quantum wells396–404. It was shown that the ballistic character of the charge 

carrier motion along the edge channels is observed only at micrometer scales. In larger samples, the 

transport demonstrates a diffusive character, which can be associated with scattering on accidental magnetic 

impurities405–408 and spin polarization fluctuations of the atomic nuclei409–411. 

 

Figure 6. Various types of topologically nontrivial systems. (a) TIs with broken T-symmetry through a 

magnetic field or time modulation. The broken T-symmetry gives rise to the QHEs or anomalous quantum 

Hall effect. (b) TIs obeying TRS enable quantum spin Hall effect or quantum valley Hall effect. (c) Weyl 

semimetals and Dirac semimetals. (d) Exceptional points in non-Hermitian structures and materials 

characterized by the appearance of Riemann surfaces. 

A large magnetic bias can become problematic when Chern insulators, having a QHEs phase, are 

integrated into actual devices. Indeed, for large-scale production, designs with magnetic bias on a chip 

significantly complicate the fabrication and integration, and magnetic biases can perturb the operation of 

the surrounding components. The discovery of the quantum spin-Hall effect (QSHE) provides a promising 

alternative approach for implementing topological electronics10,11,387 since it does not require breaking 𝒯. 

The necessary conditions for realizing QSHE in solids include the conservation of 𝒯 and the incorporation 

of spin-orbit couplings (SOCs). Kane and Mele proposed that graphene with sufficient large SOCs exhibits 
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a broken Dirac cone with a bandgap10, Fig. 6(b). This bandgap is characterized by the 
2

Z  invariant11,412 

possessing only two possible integer values: 0 (trivial) and 1 (nontrivial). Although the total Chern number 

of the two spins of the bandgap is zero ( 0C C C=  + = ), the Chern number calculated for a specific spin 

has a nonzero value under 𝒯. Here, C   ( C  ) is the Chern number of spin-up (down) particles. Sometimes 

the spin Chern number is introduced to describe the global topological phase of QSHE 

spin
( ) / 2C C C=  −  413. 

Until now, we focused on solids whose topology is defined globally. However, a trivial global band 

can also possess local topological features near high symmetry points of the Brillouin zone. For instance, 

if two atoms in the hexagonal lattice are not equivalent, the inversion symmetry of the lattice is broken, 

which causes the lifting of the point degeneracy of the Dirac cone. Although the bandgap is topologically 

trivial for the whole BZ, it shows the local topological effect at high symmetry points K/K′ in BZ. At these 

points, the local Chern number, termed valley Chern number Cv, is evaluated around and integrated into 

half BZ, and thus is half-integer quantized, with its sign depending on the valley DoF. According to the 

bulk-edge correspondence theorem, an interface between topologically distinct domains with opposite 

valley Chern numbers supports edge modes whose propagation direction is locked to their valley 

polarization12,414. 

3D topological phases without gaps, also known as topological semi-metallic phases, form a new 

topological phase of matter, distinct from the topological insulating phase in 2D415–420, Fig. 6(c). The band 

structure of topological semimetals in 3D may possess point degeneracy with linear dispersion (Weyl and 

Dirac points) or line degeneracy (nodal line), whose topological protection is accompanied by robust 

surface states415,416,421–424. The main signature of 3D gapless topological phases is a Weyl point, with their 

Hamiltonian H(𝒌) = 𝑣𝑥𝑘𝑥𝜎𝑥 + 𝑣𝑦𝑘𝑦𝜎𝑦 + 𝑣𝑧𝑘𝑧𝜎𝑧 , where 𝑣𝑖s  are the group velocities near Weyl 

points415,417,425–427. Weyl points are distinct from 2D Dirac points, nodal points in 2D momentum space. 2D 

Dirac points can be easily destroyed if either T-symmetry or P-symmetry is lifted. In contrast, Weyl points 

exist in systems lacking T, P or both, making them highly robust, as they can only be eliminated when two 

Weyl points of opposite chiralities meet and annihilate each other. This can be understood through the fact 

that they are Berry curvature monopoles in 3D momentum space: a Weyl point carries a quantized 

topological charge and serves as a source or drain of Berry curvature depending on the charge sign. Weyl 

points exist in two distinct forms: type-I Weyl points with an isofrequency surface that is point-like and 

type-II Weyl points with an isofrequency surface that is conical420. According to the bulk-surface 

correspondence, the non-zero topological charges of Weyl points result in a surface Fermi arc linking Weyl 

points with opposite charges428 415,417,429. Weyl semimetals exhibit other interesting phenomena, such as the 

quantum anomalous Hall effect419 and chiral anomalies430. Dirac semimetals, however, are not robust in 
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terms of degeneracy. They will transit into Weyl semimetals if either P or T is broken unless they are 

protected by extra space-group symmetries424,425,431. For example, the Dirac cone protected by non-

symmorphic symmetry was explicitly measured in an earth-abundant material, ZrSiS 432. When the 

conduction and the valence bands of semimetals are degenerate along a 1D curve in the 3D BZ, it forms a 

nodal line, or nodal chain, a chain of connected loops in momentum space433, or even nodal knots, whose 

nodal lines braid with each other and form topologically nontrivial knots434. These 1D lines are robust 

against the perturbations that preserve a certain symmetry group protecting the nodal line degeneracy and 

might exhibit anomalous magnetotransport properties. 

The 3D gapless phase is not the only phase possible among 3D topological phases.  Similar to 2D 

topological phases, it is possible to break TRS to obtain 3D quantum Hall phases435,436 or introduce strong 

SOC for 2D layers and stack them into 3D quantum spin-Hall insulator437,438. As predicted by examining 

3D electron gases under magnetic fields435,436,439, the 3D Hall insulator might support the topological surface 

modes at their boundaries, which has been experimentally demonstrated using semiconductor superlattices 

constructed by stacking 2D quantum Hall insulators with appropriate interlayer coupling440. In the latter 

case, when TRS is preserved the topological properties of the 3D insulator are characterized by four Z2 

invariants (𝜈0; 𝜈1, 𝜈2, 𝜈3). If 𝜈0 = 1, it has strong topological phase, the surface states appear on arbitrarily 

terminated surface of the 3D media. While if 𝜈0 = 0, and other quantities are nonzero, the 3D insulator 

belongs to the weak topological phase, and the gapless surface states only exist on the boundaries of some 

specific directions438. The known electronic 3D TIs are Bi, Sb, Se, Te compounds441,442, and strained layers 

of HgTe 443–446and a-Sn447. 

Recently, higher-order TIs (HOTIs) have been introduced as a new topological phase of 

matter369,448,457–466,449,467,468,450–456. The HOTIs are gapped both in the bulk and boundary states, which are 

one-dimensional lower than the bulk and support gapless boundary states, which localize in more than one 

dimension and whose existence is determined by bulk topological invariants related to the medium’s 

symmetries. This means they cannot be destroyed by perturbation of the boundaries that preserve these 

specific symmetries and offer topological protection. 

For completeness, we present one more scenario of nontrivial topological response, dealing with 

points possessing a topological charge, which have been explored in photonic and phononic systems but 

are rare in solids. These emerge at so-called exceptional points (EPs), arising in non-Hermitian systems. 

EPs occur when the system's parameters are tuned to the critical point at which two (second-order EP) or 

more (higher-order EP) resonant frequencies and their corresponding eigenmodes coalesce469,470. If the 

system obeys parity-time (PT-) symmetry471, i.e., if the combination of inversion/parity symmetry and time-

reversal symmetry is preserved, even though both of them may be separately violated, EPs can emerge at 

real frequencies and observable in various settings472–476. An EP in a PT-symmetric structure coincides with 
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the spontaneous symmetry-breaking threshold, at which the unbroken PT-symmetric phase abruptly 

transitions to a PT-broken phase. In parameter space, such points are characterized by the appearance of 

stratified Riemann surfaces, Fig. 6(d). Hence, a single adiabatic encircling of a second-order EP results in 

swapping of the eigenstates, in which only one of them acquires a π-Berry phase477,478. This π-phase shift, 

therefore, has a topological fractional charge, possible only in non-Hermitian systems. 

In the two previous sub-sections, we introduced topological band theory concepts and their 

tantalizing consequences in terms of electronic propagation in natural materials. In the following, we focus 

on transposing these topological concepts to artificial MMs, implemented in various classical platforms, 

including photonics, acoustic and elastic systems. Throughout this part of the review, we will first elaborate 

on the photonic implementation of topological phases and then discuss their acoustic and mechanical 

counterparts. We will not go too far into the mathematics of their underlying topological origin, and 

encourage the reader to consult the corresponding referenced papers for more details.  

The following context is organized as follows. The first section presents 1D examples of 

topologically protected modes in classical systems. In the second section, we focus on 2D topological 

phases realized in MMs, which are split into two categories depending on T-symmetry conservation. The 

third section reviews 3D topological semimetals and insulators for classical waves. The fourth section is 

dedicated to unconventional higher-order topological phases, which have recently been explored in both 

theory and experiments. The next section presents hybridized studies related to topological phenomena and 

applications in MMs, e.g., topological lasers and topological zero frequency modes in mechanical MMs. 

We end our review by summarizing the work and envision potential directions of topological MMs for 

various applications.  

3. 1D topological phases in MMs 

This section reviews various implementations of 1D topological phases in MMs. Notably, we present how 

the straightforward measurement of band structures and the corresponding classical wave fields in these 

devices has demonstrated topologically protected defect modes in 1D MMs. In the first part we describe 

the MM version of the Su-Schrieffer–Heeger (SSH) model in periodic 1D systems. In the second part, we 

explain how introducing quasi-periodicity in these media enables adiabatic topological pumping, 

mimicking the 2D integer quantum-Hall effect in lower dimensions. 

3.1. SSH model 

The SSH model consists of a 1D chain of atoms described by a unit cell containing two atoms whose inter-

cell couplings 𝜆 and intra-cell couplings 𝛾 are tunable479. The corresponding Hamiltonian is expressed in 

the Pauli matrix �̂�𝑖 basis 

�̂�(𝑘) = ∑ 𝑑𝑖�̂�𝑖𝑖 , 𝑖 = 1,2,      (13) 
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where 𝑑1 = (𝛾 + 𝜆 cos(𝑘)), 𝑑2 = 𝜆 sin(𝑘), 𝑘 is the momentum variable in the 1D Brillouin zone (BZ), its 

range is 𝑘 ∈ [0,
2π

𝑎0
] , where 𝑎0  is the lattice constant, and �̂�𝑖 s are Pauli matrices, �̂�1 = (

0 1
1 0

) , �̂�2 =

(
0 −𝑖
𝑖 0

) , and �̂�3 = (
1 0
0 −1

) . If these two families of couplings are equal, the corresponding band 

structure presents two bands touching at the edge of the Brillouin zone because of band folding. If they are 

not equal, these bands are separated by a bandgap, accompanied by a band inversion between the two cases 

when the coupling ratio satisfies 
𝜆

𝛾
> 1 and 

𝜆

𝛾
< 1, as present in Fig. 7(a,c). Their topological properties can 

be directly read from the winding number of the vector 𝒅(𝑘) = (𝑑1, 𝑑2) in momentum space. When the 

wavenumber 𝑘 runs from 0 to 2π, the endpoint of the vector 𝒅 traces out a closed circle with radius 𝜆 in 

the plane of 𝑑1 and 𝑑2, as shown in Fig. 7 (b,d). If 𝜆 > 𝛾, the circle encloses the origin of the coordinate 

frame, verifying that the winding number is an integer. If 𝜆 < 𝛾, the circle excludes the origin leading to 

zero winding number. Alternatively, the topological property of the SSH model can be evaluated from the 

Zak phase (or Berry phase) of the bandgap, which reads132 

 𝜈 =
𝑖

𝜋
∫ 〈𝜓(𝑘)|𝜕𝑘𝜓(𝑘)〉𝑑𝑘

𝐵𝑍
,      (14) 

where 𝜓(𝑘) is the eigenstate of the lowest bulk band in the SSH model. The integer winding number 𝜈, or 

equivalent Zak phase, is responsible for the existence of boundary modes at the edges of the topologically 

nontrivial chain (𝜆 > 𝛾). When 𝜈 = 0, which corresponds to the topologically trivial chain (𝜆 < 𝛾), no 

edge states are observed at the boundaries of the chain. Note that chiral symmetry is crucial for the 

preservation of the topological invariant in the SSH model, and its chiral operator Γ̂ acts on the Hamiltonian 

as Γ̂�̂�(𝑘)Γ̂−1 = −�̂�(𝑘), which guarantees the edge states pining to zero energy.  

3.2. Photonic SSH model 

The first 1D topological example in the photonic community comes from the super-lattices supporting 

Shockley-like surface waves, which are edge modes in the SSH model480. This model has been extensively 

studied in many platforms like photonic crystals481,482, coupled waveguide arrays483–485, dielectric resonator 

chain486–489, electrical circuits490,491 and plasmonic nanoparticles492–495, and in a complementary metal-

oxide-semiconductor compatible platform496. Moreover, the non-Hermitian version of the SSH model has 

been investigated, and the role of PT-symmetry in the protection of bound states was explored497–499. The 

topological edge states have also been studied on the active platform, and the topological lasing effect based 

on these states was observed and showed some immunity to distortion of the structure34,65,500,501. 

Furthermore, a polariton lattice implementing a driven-dissipative SSH model was recently shown to 

support the gap solitons with topological protection502. 
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Figure 7. SSH model and its topological properties. (a,c) Band diagrams and (b,d) winding behaviors of 

vector 𝒅(𝑘) = (𝑑1, 𝑑2) in the momentum space for the (a,b) topological lattice when inter-cell coupling 

strength is larger than the intra-cell coupling strength: 𝜆 > 𝛾, and for (c,d) trivial lattice when inter-cell 

coupling strength is less than the intra-cell coupling strength: 𝜆 < 𝛾. 

3.3. Phononic SSH model 

In phononic systems, the 1D SSH model has been demonstrated in a sonic crystal consisting of a waveguide 

with varying cross-sections40,503, Fig. 8(a). Using in-situ pressure field measurements within the MM, Xiao 

et al. evidenced the topological band inversion and the corresponding topological defects occurring at the 

interface between trivial and non-trivial topological bandgaps40. It can also be directly implemented in a 

tight-binding system of cavities coupled with small tubes whose cross-section controls the coupling 

amplitude504 and, more generally, in sonic MM with negative effective properties505. A similar phenomenon 

has also been observed in mechanical media using a cylindrical granular chain506. In that case, band 

inversion is achieved by changing the contact angles between the cylinders resulting in topological 

boundary modes measured using a laser vibrometer, Fig. 8(b). Many related studies have been performed 

in other phononic lattices351,507–512. 

Interestingly, the topological nature of these boundary modes gives them strong robustness to 

perturbations. At the macroscopic scale, such protection against spatial and resonant frequency disorder has 

been harnessed in the context of topological Fano resonances515,516 and robust analog computation517. This 

peculiar property also hinders potential fabrication inaccuracies and allows their nanoscale 

implementation513,518–521, Fig. 8(c). Furthermore, these concepts have also been transposed to microfluidics 

in the context of micro-particle manipulation514,522, where the robustness of these topological modes is 

exploited to design on-chip acoustic tweezers, Fig. 8(d). Such advances are very promising for applications 
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in chemistry and biochemistry in on-chip sensing and particle/cell sorting. Finally, the SSH model has been 

extended to higher dimensions to obtain guided modes along interfaces whose symmetries dictate the Zak 

phase523. Hence, these edge modes have been evidenced at the interface between two soft elastic phononic 

crystals, whose properties are dynamically tuned through smooth deformations524. 

 

Figure 8. Phononic SSH. (a) SSH model and corresponding spectrum with a topological defect mode in 

the bandgap of the tailored acoustic waveguide. Reproduced with permission from40. Copyright 2015 

Springer Nature. (b) Topological transition in a granular medium. Reproduced with permission from506. 

Copyright 2017 American Physical Society. (c) Reconfigurable on-chip SSH model. Reproduced with 

permission from513. Copyright 2021 American Chemical Society. (d) Topological defect mode on a 

microfluidic chip for particle manipulation. Reproduced with permission from514. Copyright 2021 

American Physical Society. 

 

3.4. Adiabatic topological pumping in photonics 

The previous section reviewed studies related to topological Zak phases in 1D periodic systems. However, 

topological phenomena are not limited to these commensurate media but also can occur in quasiperiodic 

chains. Implementing the quasi-periodic 1D tight-binding model (TBM) with tunable MMs opens up new 

ways to study and observe the topological phenomena attributed to the dimension higher than 1D 

quasicrystals, such as the quantization of transport, Hofstadter butterfly spectra etc. The strong interest in 

quasi-periodicity systems has induced many theoretical and experimental works which explored the 

adiabatic topological pumping and demonstrated edge states transition. Two models demonstrate the 

adiabatic topological pumpings: Aubry−André−Harper (AAA) model525 and the Rice-Mele model526. To 
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emulate the AAA model, the onsite potentials or the next nearest couplings are spatially or temporally 

modulated in the 1D system527. For example, TBM Hamiltonian simulating the Harper equations with onsite 

potential modulation may read 

H(𝜃, 𝜙)𝜓𝑛 = 𝛾(𝜓𝑛−1 + 𝜓𝑛+1) + 𝜆 sin(𝑛𝜃 + 𝜙) 𝜓𝑛,    (15) 

where 𝜃 controls the modulation period, which can be quasi-periodic (periodic) if 𝜃 is incommensurate 

(commensurate) with 2𝜋. This modulated scheme was studied and experimentally realized in photonic 

coupled waveguide arrays527–529, as shown in Fig. 9(a). The parameter phason 𝜙 is tuned by the slowly 

modified spacing between the waveguides along the propagation direction. As a result, the injected light at 

the rightmost edge slowly propagates across the waveguide arrays and finally comes out from the leftmost 

edge (Fig. 9(b)). The topological pumping over a Fibonacci quasicrystal, which turned out to be 

mathematically equivalent to AAA model, was demonstrated530,531. Moreover, nonlinear Thouless pumping 

of photons was experimentally realized recently in which nonlinearity acts to quantize transport via soliton 

formation and spontaneous symmetry-breaking bifurcations532.  

On the other hand, Thouless pumping can also be realized in the Rice-Mele model, which is 

modified from the SSH model by inserting the extra pumping parameter 𝜙 in the hoppings and onsite 

potentials as follows 

�̂�(𝑘, 𝜙) = (𝜆 + cos(𝜙) + 𝛾 cos(𝑘))�̂�1 + 𝛾 sin(𝑘) �̂�2 + sin (𝜙)�̂�3 .  (16) 

This Hamiltonian has been simulated in various systems, including optical superlattices533,534, disordered 

optical waveguide arrays535 and even nonparaxial waveguides, as shown in Fig. 9(c)536. Interestingly, 

asymmetric topological pumping occurs when the injected light can transfer from the left boundary to the 

right boundary, but the reversal is prohibited due to positive far-neighbor interactions among the 

waveguides, as shown in Fig. 9(d). The non-Hermitian version of the Rice-Mele model was demonstrated 

recently in fast-modulated plasmonic arrays537. Topological invariants were also measurable using 1D 

quasicrystals based on cavity polaritons or microwave network pumping500,538 or circuit quantum 

electrodynamics lattice539 or fiber loops540. 

3.5. Adiabatic topological pumping in phononics 

The properties of quasi-periodic chains have also been studied in phononics541–543. Remarkably, using a 

lattice made of 3D printed reconfigurable acoustic cavities, the fractal features in the Hofstadter butterfly 

spectrum have been revealed in the quasicrystal made of coupled acoustic resonators and edge states 

spectrum also mapped using the adiabatic pumping of the phason 𝜑 543, Fig. 10(a). These topological effects 

have also been studied in mechanical systems such as chains of spinners544, quasi-periodically patterned 

beams545–547 and plates548.  
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Figure 9. Adiabatic topological pumping. (a) Schematic of optical pumping of a coupled waveguide 

array. (b) Experimental measurement of edge states spatial profiles evolution from one boundary to the 

other boundary. The “magnetic flux” 𝜃 in Eq. (15) is fixed throughout the pumping process. The figures in 

(a,b) are reproduced from reference527. Copyright 2012 American Physical Society. (c) Schematic of the 

asymmetric topological pump in an array of surface plasmon polariton waveguides. (d) Experimental data 

for the near-field measurements of the fields when the source is injected from the left boundary (left panel) 

and right boundary (right panel), respectively. The figures in (c, d) are reproduced from reference536. 

Copyright 2022 Springer Nature. 

 

It is also possible to implement dynamical edge-to-edge pumping by changing the medium 

properties in time. Notably, Cheng et al. demonstrated this effect using an acoustic waveguide sandwiched 

between two layers of a 1D chain of tubes549. Here, the pumping is achieved thanks to an adiabatic glide of 

the upper layer during sonic propagation in the waveguide, Fig. 10(b). Besides, temporal pumping has been 

evidenced in artificial elastic media using piezo-electric patches on a beam552,553 or magneto-mechanical 

MMs550, Fig. 10(c). In these cases, 2D topological effects are achieved in 1D using time as a synthetic 

dimension. One can also directly map the adiabatic evolution of the medium’s parameters in a second spatial 

dimension which permits more accessible experimental characterization551,554,555, as shown in Fig. 10(d) for 

the case of an elastic medium with a stiffness modulation. In this context, new phenomena have been 

studied, such as selective acoustic topological pumping556, dynamical temporal pumping and amplification 

in time-modulated mechanical beams557 and non-adiabatic topological pumps558, which allow a robust 



31 

transfer of topological edge states without entering the bulk, hence hindering the impact of losses during 

the process.  

 

 

Figure 10. Adiabatic topological pumping in phononics. (a) Topological pumping and Hofstadter 

butterfly in a tight-binding lattice of reconfigurable 3D printed acoustic cavities. Reproduced with 

permission from543. Copyright 2019 Springer Nature. (b) Acoustic topological pumping in a bilayer 

waveguide structure mediated by the glide of the top layer. Reproduced with permission from549. Copyright 

2021 American Physical Society. (c) Temporal topological pumping in a chain of magneto-mechanical 

MMs. Reproduced with permission from550. Copyright 2020 Springer Nature. (d) Mechanical topological 

pumping obtained by mapping the adiabatic evolution of the medium’s stiffness in another spatial 

dimension. Reproduced with permission from551. Copyright 2020 American Physical Society. 

 

4. Dirac cones in 2D MMs  

This section focuses on implementing conical Dirac degeneracies and associated exotic wave phenomena 

in 2D metamaterials. 

4.1. Dirac cones in photonics 

Since graphene’s honeycomb lattice can be reasonably described by a tight-binding Hamiltonian with 

nearest-neighbor hopping559, Dirac cones are easy to implement using macroscopic MMs. In the context of 

2D photonic crystals, the extremal transmission at the Dirac cones of a photonic band structure was 

proposed560, the conical diffraction was measured in a honeycomb photonic lattice supporting Dirac 
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cones376, and a dramatic enhancement of the spontaneous emission coupling efficiency over a large area 

was achieved in all-dielectric photonic Dirac cones561. Dirac cones carry a topological charge, known as 

the Berry phase, as denoted in Eq. (14). According to the bulk-edge correspondence, wave localizations at 

the edge of a finite size sample are predicted, depending on its orientation with regard to the lattice 

symmetries523,562. For instance, when the graphene boundary is in a zigzag shape or bearded shape, zero-

energy edge states are present at boundaries. Their bands connect the two Dirac cones of the projected bulk 

bands experimentally verified in photonic graphene, Fig. 11(a,b)27. Strained photonic graphene can bring 

Dirac cones together and annihilate them, lifting their conical degeneracy and trivializing topological 

charges563,564. The strain engineering in photonic graphene also enables the pseudo-magnetic field at optical 

frequency378. Dirac cones usually occur in triangular or honeycomb lattices with three-fold and six-fold 

rotational symmetries. However, the existence of these Dirac points is exclusively ensured by the inversion 

symmetry 𝒫 and TRS 𝒯, which allows the exploration of similar conical dispersions in a broader range of 

systems, e.g., in a square lattice with mirror symmetry565. In particular, the accidental degenerate Dirac 

cones in square lattice were exploited to achieve zero-refractive-index response and cloaking at microwave 

frequency, Fig. 11(c) 566.  

Dirac cones in photonics have been used to simulate relativistic fermionic phenomena like Klein 

tunneling and Zitterbewegung effects377,567,568. Moreover, multiple degrees of freedom (DoFs) in photonic 

crystals like the valley, chirality, and pseudo-spin DoFs can be exploited selectively by artificial gauge 

fields acting on light, resulting in a single Dirac cone of bulk bands at one of the valleys and bandgap 

opening at the other valley, as shown in Fig. 11(d). These exotic optical responses emerge at the crossover 

between distinct topological photonic phases: quantum Hall phase (or quantum spin Hall phase) and valley 

Hall phase. The proposed structures have marked implications on photonic transport, like the spin-valley 

polarized one-way Klein tunneling: depending on the spin and valley polarization, photons may experience 

unimpeded penetration through potential barriers; The second consequence of the single Dirac-like cone is, 

that topological edge states coexist within the Dirac continuum for the opposite valley and pseudospin 

polarizations, which may enable a new class of spin-valley controlled devices569. A single Dirac cone 

realized with competing synthetic gauge fields in photonics was demonstrated by the microwave 

experiment, and the one-way refraction occurs between the photonic crystal and empty waveguide, 

implying the existence of a single-Dirac cone, Fig. 11(e)570. Remarkably, tilted Dirac cones in the energy 

bands were discovered in 2D photonic lattice either in the anisotropic form571 or with non-symmorphic 

symmetry572, which might be composed of linear or parabolic dispersion of photonic modes and flat bands 

of dipole excitons573. The tilted Dirac cones may possess high-order topological charges, and their peculiar 

dispersion was experimentally measured via polariton photoluminescence in photonic orbital graphene, 

Fig. 11(f) 574.  
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Figure 11. Dirac cones in photonics. (a) Projected band structure of photonic graphene ribbons with zigzag 

or bearded edge at the boundary. (b) Image of photonic graphene made of coupled waveguide arrays27. 

Copyright 2014 Springer Nature. (c) Three-folded Dirac cones due to accidental degeneracy in the photonic 

crystal566. Copyright 2011 Springer Nature. (d) Schematic of photonic crystal realizing the single Dirac 

cone at one valley and topological band gap at the other valley illustrated in the lower panel569. Copyright 

2018 Science. (e) Refraction of single Dirac valley into an empty waveguide570. Copyright 2020 Springer 

Nature. (f) The tilt Dirac cones measured by measured polariton photoluminescence intensity show 

different topological charges574. Copyright 2019 American Physical Society. 

4.2. Dirac cones in phononics 

In the phononic domain, a honeycomb lattice of acoustic cavities linked with coupling tubes also mimics 

graphene’s tight-binding Hamiltonian and presents Dirac cones at the corner of the Brillouin zone170,575. 

Similar to graphene, they are protected by both 𝒫 and 𝒯 symmetries, expanding their existence to numerous 

systems such as sonic crystals576–578 as well as locally resonant MMs supporting airborne surface acoustic 

waves (SAW) 579,580, whose openings to the surrounding space allow for a straightforward measurement of 

the band structure and direct interaction with sound at the surface of the medium, Fig. 12(a). Elastic Dirac 

points have also been observed, both at the macroscale581 and microscale582, Fig. 12(b). Moreover, similar 

to graphene, phononic Dirac cones are linked to remarkable wave phenomena such as the phononic analog 

of Zitterbewegung576,582, and acoustic Klein tunneling583 or edge modes stemming from the cones 

topological charge578.  
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Figure 12. Dirac cones in phononics. (a) Acoustic Dirac cone within a honeycomb lattice of holes. 

Reproduced with permission from579. Copyright 2012 American Physical Society. (b) Honeycomb lattice 

of micro-pillars on a substrate. Reproduced with permission from582. Copyright 2016 Springer Nature. (c) 

Strain pattern applied on a honeycomb sonic crystal to mimic an artificial gauge field. Reproduced with 

permission from171. Copyright 2019 Springer Nature. (d) Triply degenerate sonic Dirac cone in the center 

of the Brillouin zone. Reproduced with permission from584. Copyright 2017 Springer Nature. (e) Double 

acoustic Dirac cones consisting of a quadruple degeneracy in the center of the Brillouin zone. Reproduced 

with permission from585. Copyright 2014 Springer Nature. (f) Acoustic wave collimation obtained through 

the zero index properties of the triply degenerate Dirac cone. Reproduced with permission from584. 

Copyright 2017 Springer Nature. 

 

Furthermore, precisely engineered global deformations, such as strain fields, can act as an effective 

gauge field for phononic waves in the medium, leading to acoustic analogues of Landau levels along with 

corresponding helical edge states. This has been evidenced for sound in tightly-coupled cavities170 and sonic 

crystals171, Fig. 12(c), but also for mechanical waves172,586. Notably, on-chip realizations have been 

proposed at the nanoscale using a silicon slab pierced with snowflake holes173 and demonstrated 
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experimentally at the microscale with a phononic crystal made of triangular pillars etched on one side of a 

silicon substrate174. 

Moreover, these conical degeneracies are not limited to honeycomb symmetries but also exist at 

the corners of the Brillouin zone in Kagome lattices 587. Accidental degeneracies in square lattices present 

triply degenerate Dirac-like cones with an extra flat band in the center of the Brillouin zone 𝛤 584,588, Fig. 

12(d), while a honeycomb lattice of steel cylinders in the air with the proper filling ratio also induce 

accidentally a four-band degeneracy in the shape of two overlapping Dirac cones in 𝛤 585, Fig. 12(e). These 

other conical degeneracies in 𝛤 have different topological properties and enable a zero index medium that 

can be used for wave collimation, Fig. 12(f). Similar features are found in the self-dual phase of a twisted 

Kagome lattice589. Finally, Dirac cones and their inherent chiral properties have also been demonstrated in 

soft elastic strips made of a homogeneous silicone elastomer, opening the door to possible analogies with 

biological tissues590. 

5. Topological phases in 2D MMs with broken time-reversal symmetry 

This section presents different topological phases of 2D artificial materials with broken T-symmetry. We 

explain how breaking TRS for classical waves results in the opening of topological bandgaps carrying one-

way topological edge modes, classical analogs of the quantum-Hall effect. Then, we present the topological 

phases based on temporal/spatial modulations achieving analogs of the Floquet TIs or anomalous Floquet 

TIs in MMs. 

5.1. Chern insulators in photonics 

The most popular 2D topological phase of matter relying on broken TRS is the Quantum-Hall effect332–334. 

The exciting features of chiral edge states, like immunity from backscattering and strong robustness against 

defects, have attracted much attention in the physics community in the past decades and motivated the 

transposition of these concepts to classical waves. 

The first proposal in 2D topological photonics can be drawn back to Haldane and Raghu in 200815. 

They proposed the photonic analog of QHEss and disclosed edge states exist on the gyromagnetic photonic 

crystal. A nonzero Chern number above the photonic bandgap is obtained when the static magnetic field is 

applied perpendicularly to the photonic crystal. According to the bulk-edge correspondence7, chiral edge 

states propagate in a one-way manner at the boundary of the photonic crystal. They are immune to scattering 

and robust against the disorder in their pathway. To observe the topological phenomena, the gyromagnetic 

photonic crystal embedded between parallel metal plates was designed and measured in the microwave 

experiment480,591. A strong magneto-optic response breaks the TRS of materials such that the analog of the 

QHEs in photonics was achieved. The one-way propagating edge states were observed, and their robustness 

was demonstrated, even when the scatterers were inserted in the propagating pathway of the edge states, 
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Fig. 13(a,b). More proposals and experiments were performed in a similar fashion592–596, and the large 

Chern numbers in higher frequency bandgaps were experimentally confirmed by the Fourier transform of 

the spatial spectrum28,29. 

 

Figure 13. Chern insulators in photonics. (a) Schematic of magneto-optic lattice embedded between two 

metal mirrors. (b) Microwave experiment for the robust demonstration of topological edge propagation17. 

Copyright 2009 Springer Nature. (c) Photonic one-way edge mode in a dynamically modulated resonator 

lattice20. Copyright 2012 Springer Nature. (d) A kagome optomechanical array supporting the topological 

phase of both sound and light37. Copyright 2015 American Physical Society. 

If the magneto-optic photonic crystal is scaled down to the on-chip design in the optical frequency 

range, the Ohmic loss of the magneto-optical material is substantial. Moreover, the magneto-optic effect is 

weak at optical frequencies. Thus, the associated bandgap is negligible compared to its operating frequency. 

These drawbacks significantly limit the application of magnetized photonic Chern insulators on the 

integration platform. Researchers have searched for alternative methods to implement non-reciprocal 

propagation of the edge states. Many photonic systems support the active design whose refractive index 

can be modulated with electro-optic modulators (EOMs) or acousto-optic interaction. Therefore, it is 

possible to dynamically modulate the couplings in the resonators and create an artificial gauge field in 

photonics, Fig. 13(c), providing promising platforms for emulating the QHEs and observing robust chiral 

edge states20,21,597. For example, the optomechanical crystal formed by the 2D array of resonators, which 

couple the photon and phonon in a coherent way, demonstrate a high degree of controllability, Fig. 13(d). 

A variety of topological phenomena were theoretically predicted in such a platform37,598. Non-reciprocity 

and corresponding synthetic gauge fields were experimentally realized in a few sites of the optomechanical 
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system599–601. Topological edge states with nonzero Chern number have been realized in other forms, 

including quasi-static electronic waves in a circuit, with negative impedance converters employed602 and 

magnetoplasmons in graphene603,604. 

 

Figure 14. Chern insulators in phononics. (a) Acoustic Chern insulator achieved based on airflow within 

a honeycomb lattice. Reproduced with permission from605. Copyright 2015 Springer Nature. (b) 

Experimental realization of the model presented in (a). Reproduced with permission from606. Copyright 

2019 American Physical Society. (c) Topological one-way edge mode in an acoustic Chern insulator 

implemented thanks to active particles. Reproduced with permission from607. Copyright 2017 Springer 

Nature. (d) Proposal of a mechanical Chern insulator using gyroscopes. Reproduced with permission 

from58. Copyright 2015 American Physical Society. (e) Experimental realization of a mechanical Chern 

insulator using such rotating parts. Reproduced with permission from59. (f) Concept of inducing the Chern 

insulator phase in a mechanical spring-mass lattice using the Coriolis force. Reproduced with permission 

from608. Copyright 2015 Institute of Physics. 

5.2. Chern insulators in phononics 

Remarkably, topological phononic modes can exist at the edge of microtubules in biological cells609. In that 

case, weak magnetic fields induce a Lorentz force on ions, breaking TRS. However, this feature cannot be 

generalized to sound and elastic waves at a macroscopic scale because the matter is magnetically inert. 
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Hence starting the search for new ideas to transpose Chern insulators in phononic media. Firstly, by 

considering the simple orbiting electron picture, one can think of mimicking a magnetic bias by introducing 

a constant motion of the whole medium carrying the waves. Hence, Roux et al. have demonstrated that 

introducing a vortex within an irrotational fluid dislocates the wave-front of an acoustic wave passing 

through it, obtaining an analog of the Aharonov-Bohm effect for sound208. A few years later, Fleury et al. 

implemented a 3-ports circular cavity with a rotating airflow that acts as a circulator for sound610. Such a 

non-reciprocal device can then be organized in a honeycomb lattice which lifts the Dirac cones degeneracy 

of the static medium when the airflow starts rotating605,611. The resulting bandgap is described by a non-

zero Chern number which accounts for robust one-way guided acoustic modes at the edges of the MM, 

effectively mimicking a Chern insulator for sound, Fig. 14(a). Similar effects appear in a triangular lattice 

of rotating scatterers in a viscous fluid38 and a square lattice with flow-biased cavities having a Dirac-like 

point at 𝛤 612.  

The genuine character of the bias flow approach to breaking 𝒯 has enabled the direct transposition 

of the Chern insulator concepts in acoustics MMs. It has also provoked the study of new phases, such as 

anti-chiral edge states613. Ding et al. successfully implemented an acoustic Chern insulator using high-

quality factor cavities606, Fig. 14(b). However, issues like the high velocity of the flow, inherent loss, and 

bulky samples have severely hindered the experimental implementation of these concepts. A promising 

alternative can be found in active liquids, where self-propelling particles can generate a spontaneous flow 

within a tight-binding lattice or even continuous media607,614–616, Fig. 14(c). The versatility of active matter 

shows great potential for acoustic TRS breaking and paves the way toward colloidal, soft-matter, and 

chemically designed topological acoustic devices. 

If the motion of the whole medium carrying waves is tedious in acoustics, this is not the case in 

mechanical systems where rotating parts such as gyroscopes are commercially available. Honeycomb tight-

binding lattices with masses attached to individual gyroscopes have been proven to have bandgaps with a 

non-zero Chern number which host one-way topologically protected edge modes58,59, Fig. 14(d). Notably, 

this has been demonstrated experimentally using a lattice of rotators and recording their motion with high-

velocity cameras59, Fig. 14(e). This setup was then successfully extended to other lattices617 and even 

amorphous media618. Another route consists in rotating the entire mechanical sample. The Coriolis force 

induced by the non-inertial reference frame can be seen as a uniform effective magnetic field opening 

topological bandgaps in honeycomb mass-spring lattices608, Fig. 14(f). An alternate path directly 

implements the Haldane model in an active mechanical MM with feedback loops619. 

5.3. Floquet TIs in photonics 

Another approach to breaking TRS and obtaining the nonreciprocal edge states is temporal modulation of 

the medium’s properties. A time-Floquet system is a typical example where the corresponding Hamiltonian 
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is periodically driven in time. This has drastic consequences on the related band structure: the bands of the 

static system are repeated along the frequency axis with a period equal to the modulation frequency of the 

periodically driven source370. 

This Floquet approach can be employed in the photonic system producing synthetic gauge fields 

by periodical modulating the dielectric parameters in time20,21, achieving cyclotron motion of light without 

magnetic materials, thus, supporting non-reciprocal edge states. Compared to other approaches, it does not 

rely on spatial symmetries and the magneto-optic material. However, it requires a modulation frequency 

larger than the bandwidth of the host frequency and strong modulation strength, making it hard to 

implement in the photonic experiment. An alternative way to achieve this is utilizing the propagating 

geometries in the coupled silicon waveguides23. To introduce the synthetic gauge field in the system and 

create chiral topological edge states, the 𝒯 symmetry has to be broken by temporal modulation. The spatial 

modulation by helical rotating the waveguides in 𝑧 axis can emulate this temporal modulation, Fig. 15(a). 

The coordinate frame is transformed by such helical design as 𝑥′ = 𝑥 + 𝑅cos(Ω𝑧), 𝑦′ = 𝑦 + 𝑅sin(Ω𝑧), 

and 𝑧′ = 𝑧 , where 𝑅  is the helix radius, and Ω  is the modulation frequency in z, which exceeds the 

bandwidth of quasi-bands to avoid the mixing with other order Floquet modes. Using the Floquet technique, 

quasi-frequency bands of the Floquet system are obtained and degeneracy at Dirac points is lifted up due 

to the temporal modulation. As a result, the topological chiral edge states propagating in one-way direction 

at the boundaries of the coupled waveguides were observed. In addition to directly tailoring the chiral 

couplings between waveguides, the onsite potential of the waveguides can be periodically modulated via 

an intermediate ‘chained’ waveguide, the couplings between primary sites are mediated by the ‘chained’ 

waveguide, thus achieving the rich topological phases620, Fig. 15(b). 

Interestingly, if the driven period is long enough, or the evanescent couplings between waveguides 

are very strong such that the periodicity of the quasienergy bands Ω is less than the energy range of the 

Floquet modes belonging to the same Floquet order, quasienergy bands between different Floquet orders 

couples and form new bandgap, leading to the anomalous topological edge states in the new bandgap even 

when Chern number of the Floquet bands is zero621. Anomalous Floquet phases and the corresponding 

topological edge states were theoretically proposed and observed in several photonic platforms, such as the 

network model of ring resonators622, the slowly varied coupled waveguides32,623,624, and designer surface 

plasmon625. For example, a bipartite square lattice in Fig. 15(c) was proposed to realize the anomalous 

FTIs623,624. The coupling to the neighboring waveguides occurs in four steps; in each step, hopping takes 

place only along a certain direction. Consequently, bulk modes have zero Chern number, but integer 

winding number and the chiral edge states highly robust to distortion were observed. The anomalous 

Floquet TI was also recently realized on a metal-oxide-semiconductor (CMOS) chip, as shown in Fig. 

15(d). It consists of switched-capacitor networks and possesses a topological bandgap order of magnitude 
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larger than any previous demonstration, spanning from DC to GHz frequencies626. More importantly, such 

a topological device was exploited in the 5G communication and showed promising functions like multi-

antenna full-duplex wireless operation and true-time-delay-based broadband beamforming. 

 

Figure 15. Photonic TIs achieved by Floquet modulation. (a) Schematic of spiral propagating 

waveguides emulating the Floquet TIs23. Copyright 2013 Springer Nature. (b) Schematic of ‘on-chain’ 

driven photonic Floquet TI, where the onsite potentials of the lattice are modulated cyclically along z 

direction620. Copyright 2022 Springer Nature. (c) Schematic of the coupled waveguides with slow 

modulation in spacing623. Copyright 2017 Springer Nature. (d) Schematic anomalous Floquet TI on a 

CMOS chip made of temporally switched capacitor networks626. Copyright 2022 Springer Nature.  

5.4. Floquet TIs in phononics 

Temporal modulation of the system’s parameters has also been proposed in acoustic MMs57. In this work, 

Fleury et al. consider a tight-binding honeycomb lattice of meta-atoms that consist of three tightly coupled 

cavities whose bulk modulus, or volume, periodically changes over time. Adding a local rotating phase 

pattern in the modulation at the scale of the trimer results in breaking the Dirac cone of the medium. The 

open bandgap is topologically non-trivial and exhibits one-way edge modes that are robust against spatial 

disorder and phase disorder of the modulation, Fig. 16(a). Like the Chern insulator described above, the 

time-modulation of cavities' acoustic properties comes with severe practical issues such as loss and an 

intricate synchronization of many devices. Experimental demonstration of non-reciprocal transmission in a 

dimer has been achieved by mechanically changing the volume of the cavities627. An alternate option is to 
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implement carefully designed electric feedback circuits, which have been used in the context of Willis 

coupling628, non-linear rainbow trapping 629, or PT-symmetry630. This Floquet topological phase is more 

straightforward in mechanical samples thanks to the wide availability of piezoelectric actuators. Hence, 

Darabi et al. designed a thin plate consisting of a honeycomb lattice of trimers631 similar to57. Each cavity’s 

Young modulus can be controlled with a piezoelectric patch, Fig. 16(b). The authors experimentally 

demonstrated a mechanical Floquet TI with reconfigurable robust edge states631.  

As mentioned above, time modulation can be challenging in acoustic experiments. Fortunately, a 

direct mapping between Floquet Hamiltonians and scattering network systems622,632 allows for more 

practical implementations in passive media. Hence, a so-called anomalous Floquet TI has been 

demonstrated in a square lattice of circular acoustic cavities whose counter-rotating modes are linked 

through adequate inter-cell forward couplings633–636, Fig. 16(c). Besides, mapping the time dimension to a 

third spatial dimension makes it possible to mimic anomalous Floquet topological phases in passive media. 

The couplings’ chirality along the third dimension only effectively breaks 𝒯 637, Fig. 16(d).  

 

Figure 16. Floquet TIs in phononics. (a) Floquet TI for sound. Reproduced with permission from57. 

Copyright 2016 Springer Nature. (b) Experimental realization of a reconfigurable Floquet TI for mechanical 

vibrations. Reproduced with permission from631. Copyright 2020 American Association for the 

Advancement of Science. (c) Acoustic anomalous Floquet TI. Reproduced with permission from636. 

Copyright 2016 Springer Nature. (d) Concept of a topological Floquet phase by mapping the time 

modulation in a higher spatial dimension. Reproduced with permission from637. Copyright 2019 American 

Physical Society. 
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6. Topological phases in 2D MMs with T-symmetry 

This section focuses on topological phases of a 2D system in which TRS is conserved. We present classical 

analogues of the quantum spin-Hall effect, explain how to design relevant pseudo-spins degree of freedom, 

and introduce the pseudo-spin orbital couplings for classical waves. We further review the different 

examples of classical analogs of the valley-Hall effect. 

6.1. Photonic spin-Hall insulator  

The conservation of 𝒯 alone in a classical system cannot guarantee the Kramers degeneracy and does not 

provide the condition of simulating the classic analog of QSHE. However, we can exploit duality in 

electromagnetic waves or introduce external symmetries to mimic the role of the fermionic TR operator in 

a bosonic system22,30. For example, when 𝜖̂ = �̂�, the Maxwell equations turn into the two copies of second 

order differential equations22, 

𝜖̂−1𝛻 × {𝜖̂−1𝛻 × 𝑬(𝒓)} = 𝑘2𝑬(𝒓)      (17) 

𝜖̂−1𝛻 × {𝜖̂−1𝛻 × 𝑯(𝒓)} = 𝑘2𝑯(𝒓),      (18) 

Consequently, double degeneracy of the photonic band structures occurs everywhere in the Brillouin zone, 

providing DoFs to mimic the pseudo spin degree of freedom. Furthermore, QSHE requires including SOI 

in the model to break the band degeneracy and induce topological transition. However, no direct analog 

spin-orbit coupling exists in photonics because of the neutral charge of photons. The first example of 

photonic TI with conserved 𝒯 symmetry exploits synthetic spin-orbit coupling by introducing magneto-

electric couplings (bianisotropy) in the constitutional relations of the material 

D=𝜖̂𝑬 + �̂�𝑯,      (19) 

B=�̂�𝑯 + �̂�†𝑬.      (20) 

To preserve TRS, the bianisotropic tensor �̂� needs to be complex-valued such that the Maxwell equations 

are separated into two decoupled Helmholtz equations 

ℒ0𝜓± = ±ℒ1𝜓±,      (21) 

where 𝜓±  represent the pseudo-spin states, ℒ0  acts as the unperturbed Hamiltonian, and ℒ1  introduces 

synthetic gauge potential in pseudo spin/down states with opposite signs, emulating pseudo-spin orbit 

interactions and opening the bulk bandgap, Fig. 17(a). The effective Hamiltonian near Dirac cone with k.p 

approximation reads 

ℋ̂ = 𝑣0�̂�0(𝛿𝑘𝑥�̂�𝑧�̂�𝑥 + 𝛿𝑘𝑦�̂�𝑦) + 𝑚�̂�𝑧�̂�𝑧�̂�𝑧,    (22) 

where �̂�𝑖, �̂�𝑖 and �̂�𝑖 are Pauli matrices, 𝑣0 is the effective velocity near the Dirac cone, and the mass term 𝑚 

is proportional to bianisotropic strength, directly leading to the formation of the topological bandgap. 

Eq.(22) is equivalent to the electronic Hamiltonian of the Kane-Mele model, and it depicts the picture of 

two copies of the QHEs displaying their respective topological phases but connected via 𝒯 symmetry. 
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Consequently, such bi-anisotropic photonic crystal with duality supports the helical edge states at the 

boundaries. It displays the spin-locking propagation of electromagnetic waves with unprecedented 

robustness to defects and disorder, drastically altering our view of the scattering of electromagnetic waves.  

 

Figure 17. Photonic spin-Hall insulator. (a) Construction of photonic pseudo-spin states and the 

topological photonic band structures with duality in electromagnetic wave and bianisotropic response22. 

Copyright 2013 Springer Nature. (b) Reconfigurable MM design achieving the QSHE and robust 

electromagnetic pathway for microwave experiments31. Copyright 2016 Springer Nature. (c) Schematic of 

CROW lattice achieving analog QSHE and propagation of topological edge states19,25. Copyright 2011 

Springer Nature and 2013 Springer Nature. (d)All-dielectric photonic crystals with crystalline symmetries 

realize the pseudo-spin states and QSHE30. Copyright 2015 American Physical Society. (e) Scanning 

electron microscope (SEM) image of the fabricated device made of equilateral triangular air holes 

supporting two topological helical edge modes49. Copyright 2018 Science. (f) SEM image of the topological 

photonic crystal made of silicon pillars (in the left panel) and angle-resolved experimental spectra from far-

field probing revealing the band-inversion between the shrunken lattice and expanded lattice653. Copyright 

2018 Springer Nature. 

 

The topological edge states were observed on bi-anisotropic MMs with careful MM design to match 

the effective permittivity and permeability638–640. In parallel, a more straightforward meta-waveguide design 

was theoretically proposed and experimentally implemented31,641,642, Fig. 17(b). The meta-waveguide 

triangular photonic crystal consists of an array of copper pillars sandwiched between parallel copper plates. 

Their geometries are carefully chosen such that the accidental degeneracy of Dirac cones between quasi-
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TE and quasi-TM modes are spectrally overlapped. The copper collars are introduced at each pillar, leading 

to an effective bi-anisotropic response between the electric and magnetic fields when they are not in the 

center of the pillars, thus opening up the bandgap of bulk Dirac cones. Importantly, these collars are shifted 

upward or downward to the plates to switch the sign of the topological index. Therefore, a reconfigurable 

and arbitrary topological electromagnetic pathway can be created by manipulating the collars, and the 

topological edge states were experimentally demonstrated to survive from the arbitrary pathway and exhibit 

ballistic transport through the disorder region. In addition, the topological switch was proposed and 

experimentally demonstrated. A similar idea was also implemented in an electromagnetic dual MS, and the 

robust transport of line waves was demonstrated between complementary surface impedances643,644. 

Due to the fabrication complexity, achieving a photonic QSH insulator on a chip via the bi-anisotropic 

design faces a tremendous challenge. Alternatively, researchers have developed a different approach to 

realize a QSH insulator in a 2D array of coupled-resonator optical waveguides (CROWs), Fig. 17(c). The 

waveguides support single-mode (TE) propagation at the telecom wavelength, and the synthetic gauge 

fields for creating the topological order are realized by the vertical shift of link-resonators coupling site 

resonators. As a result, the topological edge states were imaged, and their robust transport against disorder 

was demosntrated19,25. A scheme for measuring topological invariants was proposed and tested by inserting 

artificial magnetic flux at the edge of the CROWs array645646. The fine-tune requirement of gauge fields was 

relaxed in a similar CROWs network model, and the topological phase transition was changed by the 

variation of coupling strengths between resonators647. The idea of using synthetic gauge fields to obtain the 

topological phase was similarly employed in the circuit paradigm. The phase gradients in the circuit lattice 

can be easily realized by various circuit elements without breaking 𝒯. Thus, the topological propagation of 

quasi-static waves was achieved in electrical circuits648–650. 

CROWs based on silicon-on-insulators (SOIs) may offer promising applications for robust light 

steering651. However, they cannot be scaled very small to the visible spectral range. To achieve the 

topological optical devices in the visible light regime, all-dielectric designs with crystalline symmetries, 

which do not require a magnetic field and are constructed from deformed photonic crystals 

(shrunken/expanded lattices), were proposed30, Fig. 17(d). The basic idea is to describe a honeycomb lattice 

as a triangular lattice of hexagons, resulting in an artificial folding of the band structure. In this way, the 

original Dirac cones move from the corner of the Brillouin zone and overlap in its center. Then, shrinking 

or expanding six meta-molecules (referred to as hexamer) toward the center of the unit cell enables the 

band-folding of the energy bands, consequently opening a bandgap between two pairs of degenerate bands 

and forming band inversion between shrunken and expanded lattices. The current fabrication technique can 

implement this scheme, and the relevant photonic QSH insulator experiments have been carried out from 

microwave to near-infrared and visible spectral regimes652–655. It was used as the quantum optic interface49 
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coupled with the quantum emitter, Fig. 17(e), and the properties of spin-momentum locking edge states 

were utilized in generating vortex laser beams 656. Interestingly, the open nature of the topological photonics 

allows to directly observe the topological transition accompanied by the inversion of bright and dark modes, 

Fig. 17(f), and retrieve the topological properties from the measured far-field scattering characteristics653. 

6.2. Phononic spin-Hall insulator 

At first sight, it also seems complicated to transpose these concepts to sound or mechanical waves. Indeed, 

similarly to photons and contrary to electrons, they behave as bosons which means that their time-reversal 

operator squares to 𝑇2 = 1 preventing the existence of Kramers pairs. Nevertheless, several works have 

successfully demonstrated the possibility of associating extra DoFs, namely pseudo-spins, to phononic 

waves. A first example was proposed in the tight-binding lattice of pendula dimers coupled with multilayer 

spring arrangements designed to mimic spin-orbit interaction43,657, Fig. 18(a). Here, the polarization of each 

dimer act as a pseudo-spin DoF, and robust helical edge wave propagation has been evidenced 

experimentally43,658. Another proposal is to add a second layer with interlayer couplings whose chirality 

reproduces the spin-orbit interaction658,659, Fig. 18(b). Interestingly, Deng et al. showed that cutting the 

phononic crystal in the middle of the unit cell flips the corresponding pseudo-spin while keeping the 

topological protection and designed a so-called spin-flipper659, Fig. 18(c).  

Furthermore, a careful design of the medium’s spatial symmetries 𝜉 can create pseudo-spins and 

the related pseudo-time reversal operator 𝜉𝑇 such as (𝜉𝑇)2 = −1. Then, manipulating the lattice structure 

can lead to an equivalent of pseudo-spin orbital coupling for the particular symmetry 𝜉 causing a bandgap 

opening with a band inversion. A famous example is a triangular lattice of pillars in the air whose band 

structure has two overlapping Dirac cones at the center of the Brillouin zone660. Changing the scatterers' 

radius lifts the four-band degeneracy. It results in two pairs of bands separated by a bandgap, whose 

corresponding dipolar and quadrupolar symmetries are associated with pseudo-spins. Tuning the radius size 

generates a band inversion linked to two distinguished topological behaviors. An interface between these 

two topologically distinct crystals carries helical waves whose direction of propagation is locked to the 

sense of rotation of local acoustic vortices along the interface. Nevertheless, their peculiar features permit 

to design of topological beam splitters ruled by pseudo-spin conservation660, Fig. 18(d). Opening non-trivial 

topological bandgap from two overlapping Dirac cones in the center of BZ can also be applied within 

triangular lattices consisting of six “meta-atoms” that can be either shrunken or expanded30. The simplicity 

of this protocol has permitted to expand of these concepts to numerous platforms, ranging from soda can 

MMs661, macroscopic phononic crystals662,663,672–675,664–671 to on-chip systems676–680, whose reconfigurability 

opens the door to practical devices668,669. Cha et al. measured robust edge transport using free-standing 
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silicon nitride nano-membranes, paving the way for highly compact topological nano-electromechanical 

MMs676, Fig. 18(e). 

 

Figure 18. Phononic spin-Hall insulator. (a) Phononic spin-Hall insulator based on a pendula lattice. 

Reproduced with permission from43. Copyright 2015 American Association for the Advancement of 

Science. (b) Pseudo-spin orbit coupling induced by chiral inter-layer couplings. Reproduced with 

permission from658. Copyright 2016 American Institute of Physics Publishing. (c) Topological spin-flipper 

for sound. Reproduced with permission from659. Copyright 2020 Springer Nature. (d) Spin-locked sound 

propagation at a topological intersection. Reproduced with permission from660. Copyright 2016 Springer 

Nature. (e) On-chip spin TI based on the folding technique. Reproduced with permission from676. Copyright 

2018 Springer Nature. (f) Interface between two carefully designed thin plates whose pseudo-spin 

topological features rely on symmetry breaking out-of-plane. Reproduced with permission from681. 

Copyright 2015 Springer Nature. 

 

Contrary to scalar acoustic waves, Lamb waves in thin plates have orthogonal polarizations, which 

can also be used to implement pseudo-spins. Mousavi et al. have shown that the band structure of a properly 

designed plate with a triangular lattice of triangular holes presents two overlapping Dirac cones in the corner 

of the Brillouin zone681, each related to one Lamb wave polarization. Breaking the out-of-plane mirror 

symmetry creates two pairs of doubly degenerate bands separated by a bandgap with a non-zero spin Chern 

number, Fig. 18(f). A few years later, Miniaci et al. demonstrated this concept in an experiment with a 
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slightly modified sample with additional holes to facilitate the design682. Besides, Zheng et al. have shown 

that exploiting the rotational DoF of beads within granular media can also lead to this topological phase 

and be a promising platform for implementing nonlinear effects683. 

 

Figure 19. Photonic valley-Hall insulator. (a) The photonic design for valley-Hall effect and band 

structures of supercell supporting valley edge states along zigzag interfaces between two domains with 

distinct valley index684. Copyright 2016 IOP Publishing. (b) Topologically protected fraction of kink states 

into free space demonstrated by the microwave experiment688. Copyright 2018 Springer Nature. (c) 

Topological Y-junction formed by three regions with different topological indexes, the Y-junction operates 

as a valley filter with valley-splitting wave transport, in which energy is injected via ports 1 and 2 and 3 

only support K′ and K-polarized waves, respectively696. Copyright 2018 Springer Nature. (d) Schematic of 

photonic valley-Hall insulator on a chip (the left panel) and the corresponding band structures exhibiting 

valley-Hall effect (the right panel)692. Copyright 2019 Springer Nature.  

 

6.3. Photonic valley-Hall insulator 

Since breaking inversion symmetry is straightforward, e.g., reshaping circular Si rods into triangular rods 

would break inversion symmetry of the photonic crystal, Fig. 19(a), topological valley-Hall insulators have 

been studied and implemented extensively in various photonic systems684–686, such as metacrystal embedded 

between parallel metal plates687–689, evanescently coupled waveguide arrays690, surface plasmon crystals691, 

on-chip silicon photonics692693, photonic crystal waveguides made of semiconductor694. In particular, When 

the valley pseudospin is conserved, the valley edge (kink) states exhibit robust refraction into empty 

waveguide region688, Fig. 19(b). Interestingly, the valley-Hall and pseudo-spin-Hall effect can coexist in a 
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photonic crystal. As such, due to the valley-Hall effect, the local Berry phase competes with the global 

Berry phase from the pseudo-spin-Hall effect. At the critical point, a single Dirac cone for bulk modes 

might be produced, which provides an excellent platform for observing interesting phenomena like valley-

polarized transport, and pseudo-spin and valley polarized Klein tunneling effects569,685. The heterogeneous 

interfaces between the spin-Hall insulator and valley-Hall insulator were proposed and experimentally 

implemented in the microwave spectral range, the heterogeneous interfaces support the propagation of 

pseudo-spin-valley polarized edge states, and novel functional devices like the pseudospin filtering 

junctions were experimentally demonstrated on such heterojunction device695,696. For example, consider the 

Y-junction consisting of three different topological regions shown in Fig. 19(c). According to the bulk-

edge correspondence principle, it supports valley polarized waves from port 1 to port 2/port 3, opening up 

the possibility of using the valley DoF to manipulate the light flow. The easy fabrication of a photonic 

valley-Hall insulator enables the possibility of robust light propagation on a chip. Fig. 19(d) shows that 

valley-Hall insulator can be realized in a much small footprint, compatibility with complementary metal–

oxide–semiconductor fabrication technology692,693, and thus allows for optical operation based on valley-

Hall insulator at telecommunications wavelengths697 and even electrically pumped topological lasing with 

valley edge states698. Moreover, a valley plasmonic crystal for the metagate-graphene structure was 

proposed, which offers a new way for nonmagnetic and dynamically reconfigurable topological 

nanophotonic devices699. 

6.4. Phononic valley-Hall insulator 

The simplicity of the inversion symmetry breaking has also enabled phononic analogs of valley-Hall 

physics. For instance, topological valley edge modes propagate along the interface between two honeycomb 

sonic crystals whose triangular scatterers have opposite orientations, taking sharp turns with very little 

backscattering700–702, Fig. 20(a). Many platforms for sound703,704,713,705–712, water waves, and mechanical 

waves714–723, Fig. 20(b), even at the scale of a phononic chip724–727, have been investigated. The robustness 

of the edge modes is tightly related to the symmetries of the 𝒫-broken lattice, hence providing immunity 

against defects that do not mix the valleys, allowing for directional antennas728,729 (Fig. 20(c)), topological 

beam splitters724 (Fig. 20(d)) and acoustic delay lines730 which benefits from the excellent tunability offered 

by phononic platforms731. Valley vortices can also enhance micro-particle manipulation, which could find 

application in biology or chemistry interfaced with microfluidic systems732. Moreover, as phononic analogs 

of quantum spin and valley-Hall insulators both rely on structural modulations of the medium, the interplay 

of these two effects results in enhanced wave control, such as valley splitting of helical edge states in 

patterned elastic plates733. Finally, the study of bilayer phononic crystals has shown that adding an extra 

dimension generates an even richer topological phase diagram, allowing the implementation of layer- and 

valley-polarization in the same medium734,735. 
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Figure 20. Phononic valley-Hall insulator. (a) Acoustic valley-Hall insulator made of a triangular lattice 

of rotated triangular scatterers (left), creating local sonic vortices (right). Reproduced with permission 

from701. Copyright 2017 Springer Nature. (b) Mechanical valley-Hall insulator made of spinners. 

Reproduced with permission from722. Copyright 2018 American Physical Society. (c) Directional acoustic 

antenna based on sonic valley pseudo-spin. Reproduced with permission from728. Copyright 2018 Wiley 

Online Library. (d) On-chip elastic wave steering at a topological intersection. Reproduced with permission 

from724. Copyright 2018 Springer Nature. 

 

7. Topological phases in 3D MMs 

In this section, we review 3D topological phases in artificial media. Their features have attracted much 

attention in the last few years. They have been experimentally realized notably because of their 

straightforward experimental implementation allowed by modern 3D additive manufacturing techniques. 

The first part focuses on 3D semimetals in classical MMs englobing media with point, linear and surface 

degeneracies and their related topological features. The second part presents classical 3D TIs with non-

trivial topological surface states. 

7.1. 3D topological semimetals in photonics 

The first photonic Weyl system was realized in double-gyroid structures with inversion symmetry 

breaking736,737. Weyl points belonging to type-I degeneracy were demonstrated in an inversion-breaking 

double-gyroid photonic crystal at microwave frequency (Fig. 21(a)), and optical transmission 

measurements738,739, and their extremely broadband topological surface states were also revealed740. 

Multiple Weyl points with topological charges of 2 and 3 were also realized on a printed circuit board 

(PCB), allowing planar fabrication technology741. A theoretical work predicts the simple woodpile photonic 

crystals also support charge-2 photonic Weyl point742, verified by the near-infrared experiment743, Fig. 
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21(b). Type-II Weyl points and the associated Fermi arc-like surface states were observed at optical 

frequencies in photonic waveguide arrays744. Different from the above photonic realization of Weyl 

degeneracies arising from the spatial symmetries, type-II Weyl points can also be formed by the 

degeneracies between intrinsic electromagnetic modes of chiral-structured MMs745,746, and their 

isofrequency contours were mapped in a microwave experiment429. Ideal Weyl points, located at the same 

energy and separate from other bands, have been realized in a metacrystal with non-centrosymmetric D2d 

point group symmetry and broken P symmetry, Fig. 21(c). Helicoidal surface states connecting the 

topologically distinct Weyl points were observed747. Moreover, chiral zero-energy modes were observed in 

inhomogeneous Weyl MM in which a gauge field is generated748. Extremely broadband topological surface 

modes were also observed with double Weyl points in a double-helix photonic structure740. The alternative 

approach to realizing photonic Weyl degeneracies is to break the T symmetry of the system via the 

magnetized plasma or gyromagnetic response749. Photonic Weyl points have also been proposed in other 

platforms, including 3D network models750, and even 1D spatial photonic crystal+2D synthetic dimension
751

 

or 2D spatial structure+1D synthetic dimension752, and electrical circuits 753. Interestingly, exotic 

electromagnetic scattering in Weyl semimetals were disclosed, showing the ability to tailor the strength of 

wave–matter interactions at arbitrary wavelengths,754,755 and the helical phase in the scattering matrix was 

observed in the angle-resolved measurement of a photonic Weyl MM756.  

Dirac point degeneracies may be found in 3D photonic crystals and MMs in which their stability is 

guaranteed by point group symmetries or duality symmetry757,758, as experimentally demonstrated in the 

microwave region759. Besides 0D topological degeneracy in 3D momentum space, 1D degeneracies in the 

band structures may also possess topological properties, and their forms have various configurations, such 

as nodal rings, chains, links, and knots433,434,760. Reconfigurable and flexible MMs have been demonstrated 

to support the 1D topological degeneracies, and their experimental realization in photonics so far includes 

the nodal line, nodal chain, and hourglass nodal line761–763, and the non-Abelian version of nodal link764. 

For example, in Fig. 21(d), the nodal chains765, having linear band-touching rings chain in momentum 

space, were mapped in a metallic-mesh photonic crystal, and their drumhead surface states were observed 

in angle-resolved transmission762. Interestingly, the nodal chain and nodal link may exhibit non-Abelian 

features and have the properties of quaternions766, and their dispersions were experimentally mapped in bi-

anisotropic MMs767. Furthermore, 2D topological degeneracies in photonics and MMs were also 

theoretically investigated768,769.  

7.2. 3D topological semimetals in phononics 

As mentioned in the previous sections, in acoustic and mechanical artificial media, breaking 𝒫 is more 

accessible than breaking 𝒯. Hence, the first proposal for achieving acoustic Weyl points consists of stacking 
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tight-binding honeycomb lattices of cavities with carefully designed inter-layer hoppings to break 𝒫 and 

induce chirality along the out-of-plane axis770, Fig. 22(a). Another strategy is to use a screw symmetry 

along the out-of-plane axis, enabling a straightforward sample design425,771,772. Hence, Li et al. successfully 

demonstrated Weyl points in the band structure of a 3D printed chiral 3D MM, measuring the angular 

transmission of the sample as a function of the angle of incidence. They also directly measured the robust 

propagation of topological surface states acting as acoustic versions of Fermi arcs771, Fig. 22(b). 

Remarkably, He et al. took advantage of the acoustic Fermi arcs’ open contours to obtain topological 

negative refraction773. Indeed, carefully designing a woodpile sonic crystal, they fully transmitted 

negatively refracted waves without any reflection at the interface, Fig. 22(c). 

 

Figure 21. 3D topological semimetals in photonics. (a) Weyl points realized on Gyroid photonic crystal 

with inversion-breaking. The unit cell design, fabrication sample and the angle-resolved transmittance 

spectrum reveal Weyl points shown from left to right 738. Copyright 2015 Science. (b) Image of fabricated 

chiral woodpile photonic crystal and angle-resolved FTIR reflection spectra743. Copyright 2020 American 

Physical Society. (c) Unit cell design of Idea Weyl points, the fabricated sample, and the corresponding 

helicoidal structure of topological surface states are shown from left to right 747. Copyright 2018 Science. 

(d) The structure of nodal chains in the Brillouin zone and the image of the fabricated sample made of Al 

alloy supporting the nodal chains762. Copyright 2018 Springer Nature.  

 

Due to their robustness against small perturbations, some structural anisotropy can tilt the Weyl 

dispersion without changing its topological charge. The resulting type-II Weyl points become a transition 

point between ellipsoid and hyperboloid iso-energy surfaces, known as the Lifshitz transition. It had been 

proposed in an acoustic tight-binding lattice of stacked dimerized chains777 and realized experimentally in 

3D printed phononic crystals774,778, Fig. 22(d). Interestingly, when critically tilted, the Weyl MM behaves 



52 

as a zero-index medium779. Besides, quadratic Weyl points hosting a larger topological charge have also 

been experimentally characterized in a chirally stacked metacrystal780. 

 

Figure 22. 3D topological semimetals in phononics. (a) Tight-binding Proposal for an acoustic Weyl 

semimetal with chiral interlayer couplings (left) generating topologically protected surface states (right). 

Reproduced with permission from770. Copyright 2015 Springer Nature. (b) Experimental realization of an 

acoustic Weyl semimetal with screw symmetry (left) creating acoustic versions of Fermi arcs in the 

reciprocal space (right). Reproduced with permission from771. Copyright 2018 Springer Nature. (c) 

Topological negative refraction at an acoustic Weyl semimetal surface using the one-way robust surface 

waves. Reproduced with permission from773. Copyright 2018 Springer Nature. (d) Measurement of a tilted 

type-II Weyl point in an artificial sonic medium. Reproduced with permission from774. Copyright 2020 

American Physical Society. (e) Carefully engineered glide couplings in an acoustic crystal (left) lead to a 

nodal surface in the band structure (right). Reproduced with permission from775. Copyright 2020 American 

Association for the Advancement of Science. (f) Triply-degenerate point in a non-symmorphic 3D phononic 

crystal. Reproduced with permission from776. Copyright 2019 Springer Nature.  

 

Another intriguing feature of Weyl modes linked to their chirality occurs in the presence of a 

magnetic field. Indeed, the resulting 0th-order Landau level is not flat but has a linear dispersion determined 
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by the chirality of the Weyl point and the direction of the magnetic field. Starting from a Weyl sonic crystal 

and then carefully designing a sub-lattice potential along the chiral and 𝑃-broken direction, Peri et al. 

induced an effective axial field which resulted in sonic chiral Landau levels781.  

Multiple point-degeneracies also exist in 3D phononic media, which can carry larger topological 

charges related to multiple surface states155,776,782, Fig. 22(e,f). On the contrary, 3D Dirac cones are not 

related to one-way Fermi arcs but can generate helicoidal surface states characterized by a pseudo-spin 

Chern number783,784. They can also be engineered to obtain a 3D zero-index material785 and serve as a 

starting point to induce Weyl features786. In addition to point degeneracies, 3D media allows a large family 

of curve-touching features. Hence, nodal lines, rings, or chains have been demonstrated in sonic systems787–

791. They carry bulk topological features resulting in so-called drumhead surface states with a flat dispersion 

allowing strong field localization and good frequency stability against perturbation. In the case of a straight 

line, it transforms into a strongly anisotropic waterslide surface state790. Finally, acoustic nodal surfaces 

obtained through non-symmorphic symmetries can also carry a topological charge and 1-way surface 

arcs775,792. Although it is more challenging to obtain similar results in mechanical systems because of 

uncontrolled mode conversion, elastic versions of Weyl physics have been evidenced793–795. Nodal lines 

have also been identified in mechanical metacrystals796 and building alternatives such as self-assembly 

protocols have been proposed797. 

7.3. Photonic 3D TIs 

Since 2D TIs can be further extended to 3D TI, in which bulk bands are fully gapped in the whole 3D BZ 

with gapless topological surface states populated, tremendous efforts in the MM communities have been 

investigated to implement 3D topological phases by breaking T or introducing pseudo-spins in 3D artificial 

media by controlling their spatial structure. 

The first 3D photonic topological phase with broken TRS was built in the form of a nonsymmorphic 

photonic crystal, with the cubic unit cell containing four gyroelectric pillars oriented along different lattice 

vectors, Fig. 23(a). The magnetic fields were applied to the rods with alternative signs. As a result, Dirac 

cone degeneracies in BZ were lifted, Fig. 23(b). The resulting band structures host a single surface Dirac 

cone protected by glide-reflection symmetries798. The quantum Hall phase is characterized by a 3D Chern 

vector. Recent work shows that the Chern vector's value and direction are tunable by changing magnetic 

fields applied to the 3D cubic photonic crystal799. 

Since the proposal of achieving topological surface modes with broken TRS requires an alternative 

magnetic basis on different pillars, which causes a tremendous challenge for the experimental 

implementation of it, researchers are looking for the other approach with TRS and achieving analog QSHE 

in 3D photonics. The protocol for finding 3D topological photonics is similar to the 2D case. First, the 



54 

material and geometry parameters of the dielectric disk are optimized to overlap the two 3D Dirac cones in 

a frequency range, and no other modes for any momentum vector in the Brillouin zone are present in this 

frequency range. Second, the bi-anisotropic response in the material is introduced by the partial removal of 

the disk in such a way that the mirror symmetry in the axial direction 𝜎𝑧 is broken. Subsequently, the modes 

at Dirac cones are mixed and open up a complete bandgap in the 3D Brillouin zone. An effective 

Hamiltonian near Dirac points is found based on electromagnetic perturbation theory and first-principle 

simulation800 

ℋ̂ = 𝑣⊥�̂�0(𝛿𝑘𝑥�̂�𝑥 + 𝛿𝑘𝑦�̂�𝑦) + 𝑣||�̂�𝑦�̂�𝑧𝛿𝑘𝑧 + 𝑚�̂�𝑧�̂�𝑧,   (23) 

where �̂�𝑖 and �̂�𝑖 are Pauli matrices operating in the subspaces of pseudo spin and orbital angular momentum 

of photonic modes, respectively, 𝑚 is the effective mass term induced by the bianisotropy, and 𝑣||(⊥) is the 

out-of-plane (in-plane) Dirac velocity. The effective photonic Hamiltonian is equivalent to a family of 

condensed matter Hamiltonians describing 3D TI801. One of the most important consequences of nontrivial 

topological invariance is the emergence of gapless surface states. The large-scale full-vector numerical 

simulations were carried out on the topological domain wall, representing an interface between two 

topological crystals inverted with respect to each other along the z-direction (left panel of Fig. 23(c)), which 

effectively results in the reversal of bianisotropy. The 3D band diagram of the topological structure shown 

in the right panel of Fig. 23(c) exposes one of the Dirac cones corresponding to the surface states near the 

K-point. Following this theoretical work, the experimental realization of the weak type 3D photonic TI was 

achieved792. The split-ring resonators are used to induce the strong magneto-electric coupling, and the 

conical Dirac-like dispersion of surface modes was observed from near-field measurement, Fig. 23(d). A 

similar work demonstrated that the 3D tetragonal photonic crystal with anisotropic response supports 

surface modes with quadratic band degeneracy at high symmetry points in BZ802. Very recently, a 3D 

photonic crystal without spin-orbit coupling was proposed and experimentally probed. It emulates the 

model of the crystalline TI proposed by Fu803, and the emerging topological surface states are self-guided 

on its surface804. 

7.4. Phononic 3D TI 

A few examples of phononic 3D TIs have been demonstrated. For example, a stacked double-layer 

honeycomb lattice with tailored geometric parameters exhibits a bandgap populated with pseudo-spin-

valley coupled saddle surface states806. Starting from a 3D hybrid Dirac cone and tuning the inter- and intra-

unit cell couplings opens a bandgap linked to a topological band inversion807. An interface between two 

different topological phases hosts a single nearly gap-less conical-like dispersion for acoustic surface states. 

Finally, another folding band scheme involving Weyl points with opposite chirality allows for generating 
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a similar phase808. The corresponding surface states exhibit pseudo-spin locking and can be used in the 

topological surface-wave splitter. 

 

Figure 23. 3D gapped topological photonics. (a) Unit cell of nonsymmorphic photonic crystals in which 

TRS is broken. (b) Bulk and surface band structures of photonic crystals with a meticulous manipulation of 

the gyroelectric responses of four pillars798. Copyright 2016 Springer Nature. (c) Weak type photonic TIs 

and the according surface Dirac cones800. Copyright 2017 Springer Nature. (d) Surface Dirac cone 

dispersions were mapped by microwave experiment805. Copyright 2019 Springer Nature. 

 

8. Higher-order topological phases in MMs 

As presented in the previous sections, conventional topological phases are media with a gapped bulk and 

gapless boundary or surface states whose existence is dictated by topological invariants and show 

robustness against defects preserving relevant symmetries. A new type of topological phase has been 

introduced in condensed matters named higher-order TIs (HOTIs)369,448–453,457. Motivated by the search for 

higher-order topological phases, the 2D quadrupole topological phases with robust 0D corner states were 

recently observed using acoustic461,462, microwave455,456, and phononic MMs454,465. Localized corner 0D 

states demonstrate high robustness against certain fabrication disorders ubiquitous in MMs. This 

topological stability and robustness make them very interesting for applications. Namely, directional 

localization of light in 0D states provides the possibility of topological optical switches, energy dividers, 

topological lasers, and other devices34,35,809,810.  
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This section reviews the classical versions of these unconventional topological phases. In the first 

part, we focus on 2D examples and corner states. In a 2D higher-order TI, 0D corner states exist in the 

middle of the boundary modes gap. The experimental realization of second-order TIs is classified into two 

systems: quantized multipole moment insulators and higher dimensional generalization of the SSH model. 

We extend it to their 3D and even higher dimensions counterparts in classical platforms in the second part. 

8.1. Quadrupole TIs in 2D 

The first class describes lattices without bulk dipole moment but quantized fractional multiple moments 

acting as topological invariants. In a 2D system, the topological invariant is called quadrupole moment, and 

the system is referred to as quadrupole TIs (QTIs)451369. To obtain this phase in a realistic system, one has 

to implement a tight-binding model with positive and negative couplings designed to get a π-flux per 

plaquette (area of the unit cell). Although it appears challenging in photonics, researchers realized it in 

microwave experiments and identified the second-order corner states with spectroscopic measurements455. 

By carefully designing the links’ shape between neighboring cells, they realized a microwave circuit with 

a quantized quadrupole moment 𝑞𝑥𝑦 =
1

2
, Fig. 24(a). The evidence of topological corner modes is provided 

by the measured absorptance spectrum in the right panel of Fig. 24(a), they possess certain robustness and 

are always localized at the corners although the edge lattice is deformed. Photonic QTIs have also been 

successfully realized in other platforms including CROWs465, plasmonic MMs811, and electrical 

circuits456,812, in which the hopping phases can be tuned easily. For example, the link rings of CROWs 

denoted by red color in Fig. 24(b) are placed slightly off from the center between the two site rings such 

that a synthetic flux 𝜋 is introduced in the unit cell. Furthermore, recent works show that the quadrupole 

topological phase can be realized without flux-threading, e.g., via magneto-optic effect813 or twisting angle 

in a lateral heterostructure814. 

In phononics, Serra-Garcia et al. successfully realized the QTIs in a phononic plate made of a square 

lattice of quadrupolar resonators454. Using a laser-vibrometer and a shaker as a source, they could directly 

measure the field localization at the corners of the sample, Fig. 25(a). For acoustic waves, this topological 

phase has been induced in tight-binding lattices of cavities using their dipolar resonance mode815. Indeed, 

using straight and bent coupling tubes between cavities, one can respectively mimic positive and negative 

couplings, which leads to acoustic corner modes with a 
1

2
 topological quadrupole charge when implemented 

in a square lattice, Fig. 25(b). Such quantized multipolar moments have also been found in non-symmorphic 

𝑝4𝑔  lattices, where the non-commutative glide symmetries generate the corresponding topological 

charges816,817. Such anomalous topological quadrupole insulators open the door to practical samples beyond 

tight-binding systems. 



57 

 

Figure 24. Higher-order topological phases in photonic MMs. (a) Quadrupole lattice made of a coupled-

resonator has a synthetic magnetic flux by introducing a negative coupling, the measured power absorptance 

spectrum of all the resonators in the array for bulk modes (cyan color) and corner modes (green color) 

measured from the microwave experiment455. Copyright 2018 Springer Nature. (b) Schematic of the 2D 

lattice of ring resonators in which a gauge flux is introduced via the red link rings465. (c) Schematic of 

square photonic crystal slab representing 2D SSH model464. Copyright 2019 American Physical Society. 

(d)Near field measurement of corner modes in the square lattice at microwave frequency463. Copyright 2019 

American Physical Society. (e) Microscope image of the waveguide array (left panel) supporting the zero 

corner mode shown in the right panel459. Copyright 2018 Springer Nature. 

8.2. 2D SSH model 

The second class of 2D higher-order TIs relies on the 2D generalization of the SSH model452. It differs from 

the previous phase because it shows no multipole moment but bulk polarizations linked to the system space-

group symmetries462. In this case, negative and positive couplings are unnecessary as the non-trivial 

topology is induced through inequivalent inter and intra-unit cell couplings. This allows for a more 

straightforward design that applies to many photonic systems, including square lattices and Kagome 

lattices452,458. The second-order topological phases with non-zero bulk-polarization have been extensively 

examined and realized in coupled waveguide arrays466, photonic crystal slabs355,463,541,818–820, Fig. 24(c-d), 

surface wave photonics821, plasmonic lattices822, and circuit board823. In addition, new type corner modes 

were disclosed in the far-neighbor interactions of electromagnetic waves467,824, and their spatial profiles 

were imaged by near-field measurement at optical frequency825,826. Different type topological corner modes 

with zero bulk polarization and protected by mirror symmetries were revealed in the “hexamer” photonic 

crystals459,827, Fig. 24(e), and analog higher-order quantum spin Hall effects were proposed based on this 
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platform828. In the active device-oriented direction, the nonlinear effects were investigated in the second-

order corner modes468,829,830, and topological lasing on corner modes was also realized831. When the energies 

of the topological modes do not lie within the bulk bandgap, which might occur for the corner states in the 

2D lattice, fractional charge density arising from filled bulk bands is the key indicator to identifying the 

higher-order topology of the crystalline insulator832. The indicator of higher-order topology in terms of 

mode density was measured in the circuit MMs833 and was further employed to probe the topology of 

disclination defects in photonic crystalline insulator834,835. Moreover, the embedded features of the corner 

modes with the bulk continuum enable a new avenue to achieve optical bound states836. 

 

Figure 25. Higher-order topological phases in phononic MMs. (a) Carefully designed couplings within 

an elastic plate MM (left) generate a higher-order quadrupole insulator with topological corner modes in its 

bandgap (right). Reproduced with permission from454. Copyright 2018 Springer Nature. (b) Unit cell of an 

acoustic higher-order quadrupole insulator. Reproduced with permission from815. Copyright 2020 American 

Physical Society. (c) Breathing Kagome tight-binding acoustic lattice as a 2D generalization of the SSH 

model along with the bulk polarization measurement. Reproduced with permission from462. Copyright 2019 

Springer Nature. (d) Topological corner mode in an acoustic crystal with rotated blocks. Reproduced with 

permission from460. Copyright 2019 Springer Nature. (e) Mechanical honeycomb lattice as a 3D 
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generalization of the SSH model. Reproduced with permission from847. Copyright 2019 American Physical 

Society. (f) On-chip proposal of a mechanical crystal based on rotated blocks (left) and corresponding 

corner modes (right). Reproduced with permission from853. Copyright 2021 Elsevier. 

 

Such higher-order phases also emerge in phononics. For example, it was demonstrated in an 

acoustic breathing Kagome lattice made of tight-bonded cavities461,462, Fig. 25(c). Increasing the ratio 

between inter- and intra-cell couplings induces a bulk polarization (𝑝1, 𝑝2) = (−
1

3
, −

1

3
), which results in 

topological corner modes, evidenced thanks to in-situ pressure field measurement in each cavities of the 

sample. The bulk polarization transition was also experimentally revealed by measuring the quantity related 

to the rotational symmetry of the lattice, Fig. 25(c). This approach generalizes to other symmetries such as 

square lattices which have been implemented in tight-binding lattices837,838 and at the subwavelength scale 

for surface waves in locally resonant MMs821,839. Due to long-range interactions, the corner modes are no 

longer pinned to the bandgap's center. This chiral symmetry breaking can also happen in coupled cavities 

media840. In extreme configurations, edge and corner modes might fall within the bulk bands, becoming 

bound states in the continuum841. These generalized SSH lattices can be combined with pseudo-spins feature 

providing an additional DoF to corner modes842–844. 

Besides, these multidimensional topological transitions also occur in sonic crystals whose unit cell 

comprises four blocks460,845. Adjusting their mutual orientation allows reconfiguring the medium from 

conventional pseudo-spin TIs to higher-order phases, as shown in Fig. 25(d). Topological corner states 

behavior has also been studied in the context of anomalous Floquet physics846. The straightforward 

implementation of these concepts has been translated to mechanical media made of tight-binding 

lattices847,848 (Fig. 25(e)) and thin plates decorated with pillars849–852. An on-chip implementation with 

micro-pillars has also been proposed853, Fig. 25(f). 

 

8.3. Higher-order topological phases in 3D 

Generally, increasing the dimension of a system gives rise to even richer topological phases. Hence 3D 

higher-order TIs369,453 and topological semimetals854 not only host corner modes (0D) but also hinge states 

(1D) and surface states (2D). The 3D higher-order topological phase implementations in photonics have 

been limited in electrical circuits because of the complexity of the sample fabrication855–858. In addition, 

bounded states at partial dislocations of the 3D higher-order TIs were demonstrated in the circuit 

experiment859. The inherent flexibility and tunability of the circuit allow achieving the dimensions 

suppressing the physical limitation, e.g., the recent circuit realization of a 4D hexadecapole insulator860. 

Phononic higher-order topological phases relying on quantum multipole moments have been 

demonstrated in 3D tight-binding lattices of cavities in bent tubes to mimic negative couplings861,862. The 
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resulting octupole moment is related to gapped surface and hinges modes with eight corner modes measured 

in situ, Fig. 26(a). 3D generalization of the SSH model possessing nontrivial bulk polarization has also 

been demonstrated for sound. A 3D polyhedral lattice of tightly coupled cavities with an inter-cell intra-

cell coupling ratio larger than one also presents the dimensional hierarchy of surface, hinges, and corner 

modes863, Fig. 26(b). Corner modes also exist within a rhombohedral-like anisotropic 3D lattice of 

cavities864, and the hierarchy of multidimensional modes has been evidenced in cubic lattices865–867. 

 

Figure 26. Higher-order topological phases in 3D. (a) Acoustic quantized octupole higher-order insulator 

(left) and the corresponding dimensional hierarchy of its lower-dimensional states (right). Reproduced with 

permission from862. Copyright 2020 Springer Nature. (b) 3D generalization of the SSH model in the case 

of a sonic crystal polyhedron (left) and the corresponding hierarchy of its lower-dimensional states (right). 

Reproduced with permission from863. Copyright 2020 American Association for the Advancement of 

Science. (c) Negative refraction of sound using the surface mode of a higher-order TI. Reproduced with 

permission from868. Copyright 2021 Elsevier. (d) Acoustic Weyl semimetal (left) presenting lower-

dimensional hinge-arc states (right). Reproduced with permission from869. Copyright 2021 Springer Nature. 
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Overall, these peculiar 3D topological phases present great versatility. A unique medium can act 

as a cavity, a waveguide, or a surface wave medium simply by changing the working frequency. Using the 

several multidimensional low dimension states of a single 3D sonic crystal with non-symmorphic glide 

symmetries, Xu et al. demonstrated 2D negative refraction mediated by a surface state and a 3D acoustic 

interferometer using hinge states868, Fig. 26(c). 3D waveguides using hinge states have also been evidenced 

experimentally870. 

Quite remarkably, higher-order and conventional topology coexist in the same medium869,871–874. 

Weyl acoustic crystals supporting topologically protected Fermi arcs and higher-order arc hinge states have 

been evidenced in stacks of Kagome breathing lattices with double helix interlayer869 couplings, as shown 

in Fig. 26(d), and chiral sonic crystal with a uniaxial screw symmetry871. The challenges linked to mode 

conversion and 3D printing hinder the transposition of these concepts in mechanical devices for now. 

 

9. Other forms of topological MMs 

In the above discussions, we have reviewed topological states in Hermitian (lossless) and linear systems 

with periodicity in space or temporal modulation. However, topological phases can occur in other systems 

like non-Hermitian materials, synthetic space, nonlinear systems, or non-periodic/quasiperiodic structures. 

In this section, we list a few but not exclusive topics studying other types of topological states appearing in 

MMs and briefly review essential works relevant to these topics.  

 

9.1. Non-Hermitian topological MMs  

The concept of non-Hermiticity has been introduced in TIs and extensively studied in recent years, leading 

to the richer topological phases beyond the description of Bloch band theory and the generalization of 

biorthogonal bulk-boundary correspondence of non-Hermitian systems875–883. One of the fascinating 

theoretical questions being explored in the recent non-Hermitian literature is what effect non-Hermiticity, 

and the PT-symmetric gain/loss, in particular, has on topological phases of matters. To answer this question, 

the simplest example of a 1D non-Hermitian topological model was studied in an early work, in which the 

passive onsite potentials are introduced in terms of the decaying of quantum walk884. If the imaginary onsite 

potentials with alternative signs are added in the two sublattices of the SSH model, the PT-symmetric lattice 

or even the PT-symmetric interface is formed by two PT-symmetric lattices which are PT-symmetric with 

each other. Such models have been shown to support non-Hermitian variants of the SSH midgap states497 

and “anomalous” edge states that are intrinsically non-Hermitian885. Furthermore, suppose the 

nonreciprocal couplings are introduced in the model. In that case, the so-call non-Hermitian skin effects 

occur, in which the properties of the bulk eigenstates are extremely sensitive to the boundary conditions, 

and bulk states might not extend over the lattice but localize at either end of the lattice with open boundaries, 
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thus leading to the breakdown of bulk-boundary correspondence886. To faithfully predict the appearance of 

topological edge modes, non-Bloch band theory or notion of biorthogonal quantum mechanics or auxiliary 

generalized Brillouin zone was established for the non-Hermitian systems with open boundaries876,878,880,882. 

Distinct from the condensed matter counterparts, photonic systems are intrinsic non-Hermitian 

since the material absorption and radiation losses are unavoidable. Consequently, the non-Hermitian models 

can be simply implemented in photonics. For instance, the non-Hermitian behavior was engineered in 

evanescently coupled photonic waveguides by spatially wiggling the waveguides498. Some intriguing 

connections between PT symmetry and band topology have been discovered in PT-symmetric photonics. 

For example, the topological interface states at the PT-symmetric interface were experimentally 

demonstrated in the passive variant version of PT-symmetric coupled waveguide lattices499 and 1D photonic 

crystal made of dielectric-resonator supporting the defect modes486. Furthermore, the interaction between 

the nonlinearity and the non-Hermitian physics was also explored in the PT-symmetric SSH model887. In 

parallel, the non-Hermitian skin effects on the topological phases have been investigated in 1D coupled 

ring resonators888 and experimentally verified in electrical circuits889 and via coupled optical fiber loops890 

in which a highly efficient funnel for light was also demonstrated. 

In a 2D topological system, whether the topological chiral/helical edge propagation remains robust 

in the presence of the non-Hermiticity has attracted enormous research efforts from condense matters and 

photonics communities875,891,892. For example, the topological stability of edge states in 2D NH systems has 

been analyzed893. Some works have sought to formulate topological invariants for NH models894,895, 

including a definition of bulk topological invariants for NH Chern-like TIs. Non-Hermitian skin effects 

were also introduced in the quantum Hall insulator, and the non-Bloch framework was established877. For 

2D non-Hermitian topological photonics, lossless edge states preserving the PT symmetry phase are located 

at PT symmetric interfaces irrespective of the cut shape. The bulk-interface correspondence principle is still 

valid as long as the topological gap of the complex bulk spectrum remains open896. Interestingly, PT-

symmetric photonic waveguide lattices with judiciously designed refractive index landscape and alternating 

loss were fabricated, and non-Hermitian topological phase transition was demonstrated897. Moreover, robust 

light steering was achieved in reconfigurable non-Hermitian CROWs via a spatial light modulator651. 

Phononic systems also provide a great platform to genuinely control the loss and gain contribution 

in a system, leading to the new experimental realization of non-Hermitian topological phenomena. Tailoring 

the loss distribution within acoustic lattices, it is possible to induce topological boundary modes 898,899. 

Adding gain in the picture and combining it with the valley-Hall effect generates topological edge states 

with enhanced amplitude900. Remarkably, Hu et al. showed topological “audio lasing” of whispering gallery 

modes with a specific handedness using the electro-thermoacoustic coupling in carbon nanotube films901. 
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Another technique based on circuitry and feedback loops allows controlling the gain within phononic 

lattices902–904.  

Besides, other intriguing phenomena such as the non-Hermitian skin-effect903–907 (NHSE) have also 

been investigated in phononic systems, or non-Hermitian higher-order topological phases are predicted and 

experimentally verified in the acoustics899,906,908–914, opening new avenues for topological phononic devices 

with peculiar non-Hermitian features. The NHSE effect is possible in non-Hermitian 1D or 2D systems and 

consists of the localization of many modes at system edges and boundaries876,881,890,915–920. In non-Hermitian 

passive systems, the NHSE effect is hidden in the complex frequency plane and can be revealed with gain 

media or excitations with complex signals. NHSE profoundly impacts band topology as it reflects a novel 

point-gap topology unique to non-Hermitian systems and leads to a breakdown of the conventional bulk-

boundary correspondence881,886,906,921,922. Due to its unconventional physical properties, NHSE has also been 

useful in various applications, including wave funneling890, enhanced sensing923,924, and promising for 

topological lasing925. 

9.2. Synthetic TIs 

Topological photonics has excellent potential for being realized in microscale devices, i.e., photonic 

integrated circuits. However, typical topological photonic systems usually require complex or bulky 

elements, thereby facing tremendous challenges for experimental realization in a miniaturized chip, 

hindering their applications in integrated photonics. Motivated by these factors, researchers have proposed 

an alternative approach by adding the synthetic dimensions to low dimensional systems to observe the 

topological phenomena, thus enabling demonstration on a relatively small scale and access to the higher 

dimensional topology96,751,934,935,926–933. The approach utilizes versatile DoFs of photons or tunable 

parameters to expand the additional dimensions and construct the gauge fields in synthetic space.  

The DoFs exploited in the literature include, for instance, longitudinal modes supported by cavities, 

mode profiles in waveguide arrays, or spin/orbit angular momentums in optical beams. 2D TIs are realized 

by placing the electric-optic modulators (EOMs) on 1D coupled resonators928,936 or exploiting the spin, and 

orbital angular momentum of photons in a 0D cavity937, or controlling the acoustic pumps and EOMs 

introduced to an optomechanical ring resonator938. Synthetic dimensions also offer the ability to realize 3D 

Weyl points in 2D cavity arrays929 and obtain analog 4D QHEs in a 3D lattice composed of coupled 

resonators939. Recent experimental work demonstrated the topological physics of a Hall ladder based on a 

ring resonator, and it paves a new way for possible implementation on the integrated platform934. 

Alternatively, the synthetic dimensions can be produced using the periodically modulated 

parameters that act as the synthetic dimension's momentum variables. For example, the 1D topological 

pump illustrated above is equivalent to realizing the 2D Harper model with the second dimension 

represented by the phason parameter527. The photonic Weyl points were attained in a specially designed 
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four-layer photonic crystal with varying thickness of the layers as the synthetic parameter751 and in 2D 

semiconductors in which the magnetic bias plays the role of the third dimension752. In addition, the ideal 

type-II Weyl point was proposed in 1D twisted photonic crystals940. The synthetic parameter dimension 

also allows exploring higher-dimensional topological physics, such as the 4D QHEs221,386, which cannot be 

directly implemented due to physical limitations. In contrast, they have been implemented in propagating 

photonic waveguides and other platforms931,932. 

If harnessing the additional DoFs of phonons to implement synthetic dimensions is still challenging 

experimentally, this is not the case with parametric synthetic dimensions. Indeed, as discussed above, 1D 

quasi-periodic lattices acting as topological pumps can already be described as the 2D system with the 

phason as an extra synthetic dimension. Remarkably, the phason’s features can also be extended to higher 

spatial dimensions allowing for the mapping of the 4D quantum- Hall effect941,942 and higher-dimensional 

topological wave transport943 in phononics. Moreover, phononic 3D topological phases often result in bulky 

and lossy samples, severely hindering the desired effects. It is possible to circumvent these issues using 

parametric synthetic dimensions, as evidenced by the demonstration of acoustic Weyl points944–947 and 3D 

TIs948 in synthetic dimensions. Finally, this parametric synthetic dimension principle also allows for 

obtaining even greater multidimensionality and versatility in higher-order topological phases949,950. 

 

9.3. Nonlinear topological MMs 

Nonlinear effects in photonics naturally arise when the optical power intensity is relatively high, and how 

the topological concepts and nonlinearity in photonics intertwine with each other remains elusive. However, 

the practical implementations of nonlinear phenomena and applications have been realized in many 

topological photonic systems95. For example, topological solitons and soliton-like edge states were 

predicted and observed in photonic waveguides951–954 and polariton lattices502. Topological harmonic 

generations in 1D topological MMs955,956 and 2D topological photonic MS were experimentally 

demonstrated957. Self-induced topological edge states were disclosed in nonlinear circuit arrays958. 

Nonreciprocal topological edge states were realized in nonlinear photonic crystals through external driving 

fields959,960. Also, nonlinearity-induced topological corner modes were proposed and investigated in various 

photonic systems829,830,961. Interestingly, some topological phenomena in nonlinear optics have no 

equivalent counterparts in condense matters and have been observed in photonics. For example, a 

topologically protected traveling-wave parametric amplifier was demonstrated by the squeezing of light962, 

and topologically protected four-wave mixing was also demonstrated in a patterned graphene plasmonic 

MS963. In particular, topological lasers with topological protection were achieved in 0D cavity831, 1D 

arrays64,65 and 2D lattices33–35,698. In the quantum regime, Laughlin states made of light were created using 

a gas of strongly interacting, lowest-Landau-level polaritons964. 
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In phononics, especially in mechanical waves, non-linear phenomena arise frequently and are prone 

to alter wave propagation dramatically. In particular, the impact of nonlinearities on the topological modes' 

robustness has been investigated in 1D lattices965–967. On the other hand, it is possible to harness non-linear 

effects to induce non-trivial topological phases within a phononic media968,969, hence getting on-demand 

phononic waveguides or cavities controlled by the intensity of the feeding signal. 

9.4. Disordered topological phases in MMs 

Theoretical works suggest the emergence of protected edge states and quantized topological transport can 

be induced by the addition of sufficient disorder in the trivial insulator970–972. A disordered induced TI is 

referred to as Anderson TI and was experimentally demonstrated in photonic waveguides by adding the 

random waveguides973,974 and in a disorder gyromagnetic photonic crystal975. The competition between 

Anderson localization, topological protection, and non-Hermitian skin effects was explored in the 

disordered photonic MMs976 and quantum walks recently977. 

The role of disorder in topological phases has recently been investigated in phononics978. For 

instance, by controlling the level of disorder within a 1D phononic chain, the system can be driven from a 

topologically trivial phase to a 1D topological Anderson insulator978,979 and used directly as a filtering 

device979. Topological corner modes can also appear within aperiodic lattices980. An amorphous mechanical 

lattice made of gyroscopes also presents a topological phase linked to dramatic non-reciprocal propagation 

at the edge of the medium618. Finally, phononic topological defects can be used as robust waveguides981,982 

or topological cavities983–986, and spatial Kekulé distortions can create cavity modes showing strong 

robustness against spatial perturbations987–989, expanding the phononic topological phases beyond the 

periodicity requirements. 

9.5. Mechanical zero-frequency topological phases 

Topological mechanical MMs can be organized into two categories: high frequency and zero-frequency 

phases4,39. Till this point, we have always referred to the former family of systems. In the following, we 

focus on zero-energy topological modes existing in a gap at 0  frequency. Kane and Lubensky first 

introduced the topological description of these mechanical media by drawing parallels with particle-hole 

symmetries in isostatic lattices41. Their study of so-called Maxwell frames permits introducing a winding 

number directly related to the number of localized modes at the medium’s edges. Depending on the winding 

number sign, the latter takes two forms: floppy modes or self-stress states analogs of particles and holes in 

electronic TIs990. While the former are localized free motion of the system, the latter consists of intrinsic 

stresses occurring without outside forces. The topological nature of these zero energy states protects them 

against deformations as long as the system remains in the same topological phase, offering a promising way 

to design mechanical devices with robust properties. Topological floppy modes have been measured in a 
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1D chain of rotors mimicking the SSH model991,992. Notably, using simple LEGO parts and non-linear 

excitations, Chen et al. managed to propagate these modes through the bulk, transforming the system from 

an insulator to a conductor. It is also possible to induce self-stress states or floppy mode at the domain wall 

between topologically different chains, Fig. 27(a). 

 

Figure 27. Mechanical zero-frequency topological phases. (a) 1D SSH model mechanical MM 

equivalent with a topological zero-energy mode. Reproduced with permission from991. Copyright 2014 

Academy of Science. (b) Topological floppy modes at the edges of a distorted mechanical Kagome lattice. 

Reproduced with permission from993. Copyright 2017 Springer Nature. (c) Topological defects in a 

distorted mechanical Kagome lattice linked to states of self-stress. Reproduced with permission from42. 

Copyright 2015 Springer Nature. (d) Origami equivalent of a 1D SSH model with a topological floppy 

mode on the left side (soft mode). Reproduced with permission from994. Copyright 2016 American Physical 

Society. (e) Interface between two topologically different kirigami mechanical MMs hosts a zero-energy 

mode. Reproduced with permission from994. Copyright 2016 American Physical Society. (f) Geared MM 

as another platform hosting topological zero-energy modes. Reproduced with permission from995. 

Copyright 2016 American Physical Society. 

 

These concepts have also been transposed to 2D Maxwell lattices. For instance, a deformed 

Kagome lattice is a gapped system at zero frequency, prone to host 1D floppy modes at its edges993, Fig. 
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27(b). Progressive changes in the lattice shape can redirect these zero-energy modes on different boundaries 

giving these MMs a strong tunability993. Moreover, topological defects such as dislocations generate self-

stress states able to precipitate the buckling of the system when loads are added42, Fig. 27(c). This selective 

buckling or failure allows envisioning applications in robotics or sensing with topological mechanical 

structures. Furthermore, it is possible to design analogs of Weyl fermions in 2D Maxwell lattices996–998 and 

Weyl lines in 3D, opening the door to even richer topological phenomena999,1000. 

Another potential application of these specific topological concepts is linked to origami and 

kirigami MMs1001. Indeed, topological floppy modes can be engineered to design robust folding 

patterns994,1002–1004. Notably, a quasi-1D origami strip has been proposed as an equivalent of the SSH model, 

Fig. 27(d). For the case of 2D media, kirigami designs have been proposed to implement topological zero-

modes at domain walls, Fig. 27(e). The great flexibility of such media and their topological engineering 

make them a promising platform for mechanical MMs.  

Topological zero-frequency modes also appear in geared MMs995 (Fig. 27(f)), jammed matter1005, 

quasi-crystals1006, dislocated fiber networks1007, non-orientable Mobius strips1008 and have been extended to 

continuum elastic media1009. Their presence in fishbone mechanical systems is also related to the apparition 

of static non-reciprocity1010. We encourage the reader to consult the references provided in this section for 

a more detailed explanation of these zero-frequency mechanical topological phases. The powerful 

topological approach to tailoring these floppy modes or self-stressed states associated with specific 

chemical engineering, notably in the field of polymers, could open the door to chemically designed 

mechanical MMs with enhanced properties. 

9.6. Topological properties of scattering anomalies  

As an additional interesting opportunity emerging from topology in the context of classical waves, in the 

last few years there has been a growing interest in so-called anomalies in light scattering and their 

topological properties. Here we present basic information about scattering anomalies focusing on their 

topological features, and direct the interested readers to more detailed reviews1011–1014.  

A bound state in the continuum (BIC), also known as an embedded eigenstate (EE), is an eigenmode 

of an optically open system with an unboundedly large radiative Q-factor although lying in the continuum 

of unbounded states1011,1015,1024,1016–1023. BICs can be realized in either symmetry-protected scenarios, e.g., 

in the case of a hedgehog-like collection of dipole polarisations longitudinally arranged over a sphere1017,1024 

or over a plane1020, or exploiting the destructive interference of at least two strongly coupled resonant modes 

coupled to the same radiation channel1015,1025–1032. Due to their very high Q-factor and topological features, 

BICs offer exciting perspectives for applications in sensing1020,1021,1033, lasing1014,1034–1037, high-harmonic 

generation1038,1039, enforced nonreciprocity1040,1041, thermal emission1042,1043, energy transfer and 

harvesting1044,1045, polarisation control1046,1047, and vortex beam generation1035. Photonic BICs supported by 
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periodic systems have topological features in the form of a polarization singularity in the space of wave 

vectors. Their robustness is related to their topological nature, rooted in the topological charge 

conservation1027,1030,1048,1049. The topological nature of the BIC has led to several research studies on BIC 

charge fusion to create even more unusual resonances1050,1051. The topological properties of BICs have been 

beneficial for polarization control1052–1054 and circularly polarized states generation1055–1057. Recently, the 

generation of vortex beams through BICs1058 and efficient topological vortex laser generation1035 was 

demonstrated, showing the potential of topological phenomena in radiative and scattering processes. A 

further connection between new topological phenomena in higher-order angular states and BIC was also 

recently established in 467, revealing the far-reaching topological consequences that non-radiating states can 

have on the topological states of electromagnetic structures. The topological features of these states can be 

studied through the S-matrix formalism, specifically by analyzing the complex reflection coefficient, where 

phase vortices arise1052,1059.  

Varying the coupling strengths between at least two modes of an active system, their coalescence 

on the real frequency axis can rise to an exceptional point (EP). The EP in a PT-symmetric structure 

coincides with the spontaneous symmetry-breaking threshold, at which the unbroken PT-symmetric phase 

abruptly transits to the PT-broken phase. As an illustration of EPs in PT-symmetric systems, we consider a 

pair of coupled single-mode waveguides, where balanced gain and loss are implemented in the two 

waveguides or two coupled resonators1060,1061. The equation governing these systems reads 

1 1

2 2

ˆ
a ad

iH
a ad

   
= −   

   
, where 

1
a  and 

2
a  are either waveguiding modes or localized resonator modes,   is 

either the coordinate or time, respectively. The Hamiltonian of this system can be derived from the standard 

coupled-mode equations 1062,1063,1072,1064–1071 

0,1 1

*

0,2 2

ˆ
i

H
i

  

  

− 
=  

− 
,      (24) 

where 
0,1

  and 
0,2

  are either propagation constants in each waveguide or eigenfrequencies of the localized 

modes, 
i
  takes account of the gain/loss magnitude in the waveguide (mode) i , and   denotes the 

reciprocal coupling between the waveguide pair. Eq.(24) has the following eigenvalues 

2 2

0,ave ave 0,dif dif
| | ( )i i     


= −  + + ,     (25) 

where 
0,ave 0,1 0,2

( ) / 2  = + , 
0,dif 0,1 0,2

( ) / 2  = − , 
ave 1 2

( ) / 2  = + , 
dif 1 2

( ) / 2  = − . In the 

particular case when 
0,1 0,2 0

  =   and 
2 1
  = −  , the eigenvalues of the two modes become 

2 2

0
| |   


=  − . Eq. (25) shows that if the coupling is less than a certain critical value (

PT
   = ), 

the system possesses two modes, one lossy and one amplifying. The lossy mode decays exponentially in 
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time when excited, whereas the gainy one exhibits exponential growth. When the coupling strength is large 

enough (
PT

  ), the system resides in the strong coupling regime where the coherent energy exchange 

between the elements compensates for the decay and stabilizes the system at the real frequency axis. The 

critical point 
PT

 =  gives rise to an EP475,476,1011,1073–1077. Exactly at the transition threshold where 
2 1
 = −

, the two modes merge to a single eigenstate with propagation constant 
0

 , featuring a non-Hermitian 

degeneracy. The coalescence of two poles can also happen in the lower complex plane, giving rise to 

complex EPs (cEPs). Even though such cEPs reside in the complex frequency plane, they can be revealed 

with either parameter variations1078 or complex frequency excitations1079. In the latter case, cEPs are excited 

with exponentially decaying signals because cEPs in passive systems lie in the lower half-plane of complex 

frequency. EPs are of great interest for various applications. EPs enable unidirectional light transport, 

leading to the observation of anisotropic transmission resonances473,1080–1082 and directional power flow in 

microlaser cavities1083–1085. The accidental coalescence of eigenmodes offers rich topological features, 

enabling dynamic chiral-mode conversion 1071,1086,1087, and advanced optical sensing 1088–1090 474,475. PT-

symmetric systems hold a great promise for imaging1091 630,1092–1095, lasing 1076, cloaking and transformation 

optics1096,1097, new mechanisms of wave transport1098–1100, topology1101, light scattering 

engineering1011,1102,1103, and wireless power transfer 1063,1104,1105.  

PT-symmetric systems enable also other interesting topological properties. For example, if one 

starts from a Hermitian system with a Dirac cone, the introduction of balanced gain and loss can move both 

cones inside each other, forming an exceptional ring in reciprocal space1106. In Weyl systems, recent studies 

show that dissipation can also turn Weyl points into rings1107. A more detailed study reveals that in non-

Hermitian systems, the GP becomes complex147,153,1108–1113: its real part is modified compared with the 

corresponding closed system, and its imaginary part gives rise to geometric dephasing1114–1116. This includes 

coupling to a dissipative1114 or noisy1117,1118 environment. 

10. Conclusion and perspectives 

In this work, we have reviewed the role that topological phases can play in tailoring the response of artificial 

materials to classical waves in spatial and synthetic dimensions. Although topological MMs have a shorter 

history than TIs in condensed matter physics, significant exciting research has been developed in this 

relatively young field. Several intriguing topological phenomena may be unfeasible to be implemented in 

electronic systems, but they can be readily captured for classical waves using metamaterials. Artificial 

materials provide excellent tunability and freedom of design, making them excellent platforms for 

implementing topological concepts in photonics and phononics. For instance, the higher-order TIs with 

quantized multipole moment supports corner charges, but they are challenging to be observed in quantum 

solids. However, topological corner states in multiple TIs have been achieved in various classical systems98.  
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Significant further research efforts are expected in the future to realize novel topological states in 

classical systems, not only to understand the underlying physics and topology, but also to provide more 

opportunities for applying topological physics to promising applications, such as robust signal guiding, 

wave manipulation and on-chip communications, photonic quantum computation with topological 

protection340 and more. Furthermore, classical platforms have new properties beyond the condensed matter 

counterparts, benefiting the interdisciplinary fields. Notably, long-range coupling, recently unveiled 

dualities589,1119, fragile topology1120, topological quantum chemistry in photonics1121, or non-Abelian 

topological effects589,1122–1126, can all open new routes to exciting topological phenomena for light 

propagation, sound and mechanical vibrations in chemistry. Researchers urgently question how to harness 

this relatively new field in photonics, phononics, and interdisciplinary fields, e.g., how to design and 

fabricate disorder-immune components for high-speed information transfer and processing in the on-chip 

design integration with optical or acousto-optic elements. Moreover, the versatile and flexible properties of 

MMs allow for integrating different active topics like non-Hermitian, nonlinearity, and topological phases 

into the same platform1127, which may lead to richer topological phases and more fundamental discoveries. 

On another front of exploration, the time-varying MMs make the implementation of time crystal and 

spacetime MMs in classical systems accessible1128, thus enabling researchers to transfer the concept of 

topological edge states from spatial boundary to temporal interface1129 and exploring more exotic 

phenomena exclusively observed in time-varying media1130, like the amplified and lasing in photonic time 

crystal1131.  

Furthermore, advances related to the chemical design of materials, such as the fabrication of low-

loss or tunable non-Hermitian properties, could further improve such devices. The precise design and 

realization of active particles can also be of great interest for the practical implementation of topological 

phases requiring a fluid in motion354,607,614,615,1132. Not only can chemistry, biochemistry or physical 

chemistry provide exciting alternatives to design topological MM media, notably at the nano- or micro-

scale. They can also benefit from the inherently robust features of these devices. Hence, topological cavities 

offer strong field localization robust to fabrication flows that can be used for sensing, particle manipulation, 

catalysis, and therapy in the lab on a chip1133–1136. Topological zero frequency mechanical modes combined 

with macro-molecular chemistry may lead to the accurate design of multifunctional materials that can find 

applications in soft robotics1137–1140. We envision a bright future at the intersection between photonics, 

phononics and chemistry grounded into topological concepts. 
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